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Abstract 

For an ^-adic sheaf on a variety of arbitrary dimension over a perfect field, 
we define the Swan class measuring the wild ramification as a 0-cycle class sup- 
ported on the ramification locus. We prove a Lefschetz trace formula for open 
varieties and a generalization of the Grothendieck-Ogg-Shararevich formula using 
the Swan class. 

Let F be a perfect field and U he a. separated and smooth scheme of finite type 
purely of dimension d over F. In this paper, we study ramification of a finite etale 
scheme V over U along the boundary, by introducing a map ()0.H) below. 

We put CHq{V \ ^) = \imCHQ{Y \ V) where Y runs compactifications of V and 
the transition maps are proper push- forwards (Definition I3.1.H) . The degree maps 
CHo{Y \V)^Z induce a map deg : CHo{V \V) ^ Z. The fiber product V XuV is 
smooth purely of dimension d and the diagonal Ay : V V XuV is a.ia open and closed 
immersion. Thus the complement V Xu V \ Ay is also smooth purely of dimension d 
and the Chow group CHd{V Xu V \ Ay) is the free abelian group generated by the 
classes of connected components of V" not contained in Ay. If U is connected 

and ii V ^ U is a, Galois covering, the scheme V XjjV is the disjoint union of the 
graphs To- for cr G G = Ga\.{y /U) and the group CHaiV x^V\ Ay) is identified with 
the free abelian group generated by G — {!}. 

The intersection of a connected component of V Xu V \ Ay with Ay is empty. 
However, we define the intersection product with the logarithmic diagonal 

(0.1) {,Ayy°^:CHd{VxuV\Av) > CHo{V\V)®^Q 

using log product and alteration ( Theorem 13. 2. 3^ . The aim of this paper is to show that 
the map ()0.1|) gives generalizations to an arbitrary dimension of the classical invariants 
of wild ramification of f : V ^ U. The image of the map is in fact supported on the 
wild ramification locus (Proposition I3.3.K1 2). If we have a strong form of resolution of 
singularities, we do not need ®zQ to define the map (jO.lll . We prove a Lefschetz trace 
formula for open varieties 
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(0.2) ^(-l)^Tr(r : Rl{Vp, Q,)) = deg (L, A 
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in Proposition 13.2.41 IfV^Uisa. Galois covering of smooth curves, the log Lefschetz 
class (Fo-, Ay)'°s for a G GaA(y/U) \ {1} is an equivalent of the classical Swan character 
fLemma I3.4.7p . 

For a smooth £-adic sheaf on U where £ is a prime number different from the 
characteristic of F, we define the Swan class Sw(JF) e CHq{U \ U) (Definition 
I4.2.8|) also using the map (jO.H) . From the trace formula ()0.2|) . we deduce a formula 

(0.3) Xc{Uf, T) = rank ^ ■ xdUp, Q,) - deg Sw(^) 

for the Euler characteristic XciUp,J-') = ^^f^g(— 1)'' dimif^(f/jf., JF) in Theorem 14.2.91 
If [/ is a smooth curve, we have Sw(JF) = j2xeu\u^^^('^)l-''] Lemma 14.3.61 Thus 
the formula ()n.3|l is nothing other than the Grothendieck-Ogg-Shafarevich formula |,14j, 
[265. ^ generalization of the Hasse-Arf theorem (Lemma 14. 3. 6j) . we state Conjecture 
14.3.71 asserting that we do not need ®zQ in the definition of the Swan class. We prove 
a part of Coni ect ure 14 . 3 . 7l in dimension 2 ( CoroUarv 15 . 1 . 71 1 ) . 

The profound insight that the wild ramification gives rise to invariants as 0-cycle 
classes supported on the ramification locus is due to S. Bloch jlj and is developed by 
one of the authors in ^Tj, ^H]- Since a covering ramifies along a divisor in general, it is 
naturally expected that the invariants defined as 0-cycle classes should be computable 
in terms of the ramification at the generic points of irreducible components of the 
ramification divisor. For the log Lefschetz class (Fo-, Ay)^°^, we give such a formula 
()3.31|1 in Lemma (3.4.111 For the Swan class of a sheaf of rank 1, we state Conjecture 
15.1.11 in this direction and prove it assuming dim ?7 < 2 in Theorem 15.1.51 We expect 
that the log filtration by ramification groups defined in |3j should enable us to compute 
the Swan classes of sheaves of arbitrary rank. 

In a subsequent paper, we plan to study ramification of schemes over a discrete 
valuation ring and prove an analogue of Grothendieck-Ogg-Shafarevich formula for the 
Swan conductor of cohomology (cf. P, |2])- In p-adic setting, the relation between 
the Swan conductor and the irregularities are studied in jH], [Z|, [23] and [SBl- The 
relation between the Swan classes defined in this paper and the characteristic varieties 
of P-modules defined in |S] should be investigated. 

In Section 1, we recall a log product construction in [20]. In Section 2, we prove a 
Lefschetz trace formula Theorem 12 . 3 . 41 for algebraic correspondences on open varieties, 
under a certain assumption. In Section 3, we define and study the map (j(J.l|) and prove 
the trace formula (j(J.2j) in Proposition 13.2.41 In Section 4, we define the Swan class of 
an £-adic sheaf and prove the formula ()U.3|) in Theorem 14.2.91 In Section 5, we compare 
the Swan class in rank 1 case with an invariant defined in ^j. We also compare the 
formula ()0.3|1 with a formula of Laumon in dimension 2. 
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and Luc lUusie for stimulating discussions and their interests. The authors are grateful 
to Shigeki Matsuda for pointing out that the assumption of Theorem in is too 
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Notation 

In this paper, we fix a base field F. A scheme means a separated scheme of finite 
type over F unless otherwise stated explicitly. For schemes X and Y over F, the fiber 
product over F will be denoted by X x F. 

The letter d. denotes a prime number invertible in F. 



1 Log products 

In §1.1, we introduce log products and establish elementary properties. In §1.2, we 
define and study admissible automorphisms. 

1.1 Log blow-up and log product 

We introduce log blow-ups and log products with respect to families of Cartier divisors. 

Definition 1.1.1 Let F he a field and let X and Y be separated schemes of finite type 
over F. Let V = {Di)i^j be a finite family of Cartier divisors of X and S = {Ei)i^j be 
a finite family of Cartier divisors ofY indexed by the same finite set I . 
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For i E I , let {X x Y)[ X ^ Y be the blow-up at Di x Ei C X x Y and let 
{X X c (X X Y)'- be the complement of the proper transforms of Di x Y and 
X X Ei. 

1. We define the log blow-up 

(1.1) p:{Xx Y)' > X xY, 

more precisely denoted by ((X, P) x {Y,£))' , to be the fiber product Hje/x^"^ ^ ~^ 
XxYof{Xx F)^ {i e /) over X xY. 

2. Similarly, we define the log product 

(1.2) (X X F)~ c (X X F)', 

or more precisely denoted by ((X, P) x {Y,£))^ , to be the fiber product Hje/x^"^ ^ 
y)~ ^ X X r 0/ (X X F)~ {i E I) over X xY. 

3. If X = Y and V = S , we call (X x X)~ the log self product of X with respect 
to T>. By the universality of blow-up, the diagonal map A : X — > X x X induces an 
immersion 

X ^ (X X X)~ 

called the log diagonal map. 

Locally on X and Y, the log blow-up, log self-product and the log diagonal maps 
are described as follows. 

Lemma 1.1.2 Let the notation be as in Definition \l.l.l\ Assume that X = Spec A 
and Y = Spec B are affine and that the Cartier divisors Di are defined by ti E A and 
Ei are defined by Si E B respectively. 

1. The log product (X x Y)' is the union of 

(1.3) Spec A^, BP. (r e h),V, e m 



{ti®l- Uiil O Si) {i E h), l(S)Sj- Vjitj ® 1) (j E h)) 



for decompositions I = IiU. I2. 

2. The log product (X x y)~ is given by 



(1.4) Spec A ®F B[Ut' {t E I)]/{t^ ® 1 - Ui{l ® s,) {t E /)) 

3. Assume further that A = B , Di = Ei and ti = Si for each i E I. Then in the 
notation p.4j) . the log diagonal map A : X — (X x X)~ is defined by the map 

(1.5) A A[Ut' (^ E I)]/{t, ® 1 - Ui{l ® ti) {i El))^A 
sending a®l and 1® a to a E A and Ui to 1 for i E I. 
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Proof. For each i G I, the Cartier divisors DixY and X x Ei are locally defined by 
a regular sequence. Thus we obtain 1. The rest is clear from this and the definition. ■ 

For the sake of readers familiar with log schemes, we recall an intrinsic definition 
using log structures given in [201 • The Cartier divisors Di, . . . , define a log structure 
Mx on X. In the notation in Lemma [1.1.21 the log structure Mx is defined by the chart 
N™- — > A sending the standard basis to ti, . . . ,tm- The local charts — A induce 
a map r{X, Mx/0^) of monoids. Similarly, the Cartier divisors Ei, . . . , Em 

defines a log structure on Y and a map N™ — > r(F, My/Oy). Then, the log product 
(X X y)~ represents the functor attaching to an fs-log scheme T over F the set of pairs 
(/, g) of morphisms of log schemes f : T ^ X and g : T ^ Y over F such that the 
diagram 

>T{X,Mx/0^) 

r{Y,My/0^) > T{T,Mt/0^) 

is commutative. The log diagonal A : X — (X x X)~ corresponds to the pair (id, id). 

The log product satisfies the following functoriality. Let X, X', Y and Y' be schemes 
over F and V = (Dj)jg/, V = (Dj')jg/, £ = {Ej)j<zj, and S' = {Ej)j(zj be families of 
Cartier divisors of X, X', Y and of Y' respectively. Let f : X —>■ Y and g : X' —>■ Y' 
be morphisms over F and let ejj > 0,{i,j) G / x J be integers satisfying f*Ej = 
^^gj ejjDj and fE'j = ^ij^'i for j G J. Then, the maps / and g induces a map 
(/ X g)^ : (X X X')~ ^ {Y X If y = F' and £ = we define (X Xy X')^, or 

more precisely {{X,V) X(^Y,e) {X',V'))^, to be the fiber product (X x X')~ X(yxy)~ Y 
with the log diagonal F — > (F x 

Lemma 1.1.3 Let F be a field and n > 1 be an integer. Let Y be a separated scheme 
over F. Let C be an invertible Oy -module and /i : Oy be an injection of 

Oy-modules. We define an Oy-algebra A = ^^Iq with the multiplication defined 
by fi : C'^"' Oy and put X = Spec^. Let E be the Cartier divisor of Y defined 
by Te = Im(£'^" — > Oy) and D be the Cartier divisor of X defined by COx- Let 
(X Xy X)"" be the log self product defined with respect to D and E. 

We define an action of the group scheme fin = SpecF[t]/(t" — 1) on X over Y by 
the multiplication by t on C We consider the action of fin on (X Xy X)~ by the action 
on the first factor X. 

Then, by the second projection (X Xy X)~ — X , the scheme (X Xy X)~ is a fin- 
torsor on X. Further the log diagonal map X (X Xy X)~ induces an isomorphism 

/J^n X X ^ {X Xy X)~. 

Proof. Since the question is local on Y, it is reduced to the case where Y = = 
Spec F[T] and fj, send a basis S"" to T. Then we have X = = Spec F[S] and the 
map X — i> F is given by T S*". Then, by Lemma 11.1.21 2. we have (F x F)~ = 
Spec F[T, r, f/±i]/(T' - UT) = Spec F[T, U^^], (X x X)~ = Spec F[S, S', V^^]/{S' - 
VS) = Spec F[S,V^^], and the map (X x X)~ ^ (F x F)^ is given by T ^ 
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and U (-^ V"'. Since the log diagonal Y ^ {Y x y)~ is defined by [/ = 1, we have 
(X xy X)~ = Spec F[S, V^^]/{V'' - 1). Thus the assertion is proved. ■ 

Let F be a field and X be a smooth scheme purely of dimension d over F. In 
this paper, we say a divisor D of X has simple normal crossings if the irreducible 
components Di [i G /) are smooth over F and, for each subset J G I, the intersection 
Cli^j Di is smooth purely of dimension d — \J\ over F. In other words, Zariski locally 
on X, there is an etale map to = Spec F[Ti, . . . , Td] such that D is the pull-back of 
the divisor defined by Ti ■ ■ - Tr for some < r < d. If is an irreducible component, 
Di is smooth and IJjyj(-^« ^ -^i) ^ divisor of with simple normal crossings. 

Let X be a smooth scheme over a field F and D be a divisor of X with simple 
normal crossings. Let Di {i G /) be the irreducible components of D. We consider the 
log blow-up p : (X X X)' ^ X x X with respect to the family Di {i G /) of irreducible 
components of defined in Definition fTXTl Let D^^)' C (XxX)' and D^^)/ ^ (XxX)' 
be the proper transforms of D^^^ = D x X and of D^"^^ = X x D respectively. Let 

= (X X X)' Xxxx {Di X Di) be the exceptional divisors and E = [J^ Ei C {X x X)' 
be the union. 

The log blow-up p : (XxX)'— »XxXis used in jTU] and in j25j in the study of 
cohomology of open varieties. For an irreducible component Di of D, the log blow-up 
{Di X Di)' ^ Di X Di is defined with respect to the family Di fl Dj,j ^ i of Cartier 
divisors. 

Lemma 1.1.4 Let X be a smooth scheme over F, D be a divisor of X with simple 
normal crossings and U = X \ D be the complement. Let p : (X x X)' — > X x X be 
the log blow-up with respect to the family of irreducible components of D. 

1. The scheme (X x X)' is smooth over F . The complement (X x X)' \ {U xU) = 
DW u u e is a divisor with simple normal crossings. The log product (X x X)~ 
is equal to the complement 

(X X X)'\ (D«'UD(2V)_ 

2. Let Di be an irreducible component of D. The projection Ei Di x Di induces 
a map Ei —>■ {Di x Di)' and further a map E° = Eif] {X x X)~ {Di x Di)^ . We 
have a canonical isomorphism 

(1.6) Ei > P(X^^xA/xxx) Xz),xA (A X Di)' 

to the pull-back of the P^-bundle P{Nj:i-y.£)./xxx) = Proj(S'X£)-xDi/xxx) associated 
to the conormal sheaf N^.y^D./xxx ■ 

We identify Ei with P{Nd,xd,/xxx) ^d,xd, {Di x Di)' by the isomorphism (frB|) . 
Then the open subscheme E" C Ei is the complement of the two disjoint sections {Di x 
Di)^ -> P{No,xD,/xxx) >^D,xD, {Di X Di)^ defined by the surjections Nd,xd,/xxx ^ 

NoiXDi/DiXX (ind NoixDi/XxX ^ x A x • 

Proof. 1. It follows immediately from the definition and the description in Lemma 
2. Clear from the definition. ■ 
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Corollary 1.1.5 Let the notation be as in Lemma \l.l.4\ Let Di be an irreducible com- 
ponent of D and let Di —>■ {Di x Di)^ be the log diagonal map. Then the isomorphism 
p.6|) induces an isomorphism 

(1.7) E°jy, = E° X(£,^xA)~ A > 

The section Di E° j^, induced by the log diagonal X {X Xy X)~ is identified with 
the unit section Di Gm,Di ■ 

Proof. The restrictions of the conormal sheaf Njy.-^jy./xxx to the diagonal Di G DiX Di 
is the direct sum of the restrictions Nd,xdjd,xx\d, and Nd,xd,/xxd,\d,- Further the 
restrictions ND,xD,/D,xx\Di and Nd,xd,/xxd,\d, are canonically isomorphic to Nd,/x- 
Hence we have a canonical isomorphism P(A''£)^xDi/xxx) ^DixD, Di P},^ and the 
assertion follows from Lemma fl. 1.41 2. ■ 

Proposition 1.1.6 Let X be a separated smooth scheme purely of dimension d over 
F and U = X \ D be the complement of a divisor D = |J^g^ Di with simple normal 
crossings. Let Y be a separated scheme over F and V = Y \ B be the complement of 
a Cartier divisor B. We consider a Cartesian diagram 

U X 

(1-8) /| |/ 

V Y. 

WeputrB = Y..^je,Di. 

1. Let {X X X)^ be the log product with respect to the family {Di)i^i of irreducible 
components and {Y x y)~ be the log product with respect to B. Let {X Xy X)~ = [X x 
X)~ X(yxy)~l^ be the inverse image of the diagonal. We keep the notation in Corollary 
M.l.^ Let Di be an irreducible component of D. We identify E°j-,^ = E" y<(DixDi)~ 

Di 

with Grn,Di by the isomorphism (II. 7|) . 

Then the intersection E°^_ fl (X Xy X)^ is a closed subscheme of the subscheme 
/ie,,D, C G.m,A ofe j-th root s ofl. 

2. The closure U Xy U in the log product {X x X)' satisfies the equality 

(1.9) UxyUn = u xyUn 

of the underlying sets. 

Proof. 1. The assertion is local on Di C {Di x Di)^. Hence, we may assume that 
X = Spec A is affine and that the divisor Dk is defined by tk E A for k E L We 
may also assume that the Cartier divisor i? of F is defined by a function s. Then, 
we have f*s = f Ilfce/^fc'' ^ ^"^^^ v e A^ . We identify (X x X)~ = Spec A ®f 
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A[U^^ {k e I)]/{tk ® 1 - Uk{l®tk) {k G /)) as in (ITT^ . Then on the closed subscheme 
(X Xy X)^ C (X X X)~, we have an equation 

On the log diagonal Di C [Di x Di)"", we have f ® 1 = 1 ® f and Uk = 1 for A; G / \ {i}. 
Since the coordinate of the G^-bundle Ei ^^ is given by Ui, the assertion follows. 

2. It suffices to show the equality T fl D*-^-" = F fl D^'^^' for any integral closed 
subscheme F C f/ Xy U. We regard F as a closed subscheme of (X x X)' with an 
integral scheme structure and let pi,p2 '■ T —>■ X denote the compositions with the 
projections. We consider the Cartier divisors Pi-Dj and P2-^j of F. We also consider 
the Cartier divisors {Di x X)' n F and (X x Di)' n F. 

By the Cartesian diagram p.Sj) . we have ej>OinXxy_B = ^jgj CiDi for all i. 
Since F C UxyU, the closure F is a closed subscheme of the pull-back (XxX)'xyxyl^ 
of the diagonal. Hence, we have an equality eip\Di = eip^Di of Cartier divisors 
of F. Thus, we have an equality ei{Di x X)' fl F = ej(X x Di)' fl F. Since > 
for all i, we obtain 

F n D^^^' = [j{Di X X)' n F = |J(x X Di)' n F = F n D^^^'. 



We consider tamely ramified coverings. 

Definition 1.1.7 1. Let K be a complete discrete valuation field. We say a finite 
separable extension L of K is tamely ramified if the ramification index cl/k is invertible 
in the residue field and if the extension of the residue field is separable. 
2. Let 

U X 



/ 



V Y 

be a Cartesian diagram of locally noetherian normal schemes. We assume that Y is 
regular, V is the complement of a divisor with simple normal crossings and that U is 
a dense open subscheme of X . We also assume that the map f : U ^ V is finite etale 
and f : X ^ Y is quasi-finite. 

We say f : X ^ Y is tamely ramified if, for each point ^ E X \ U such that 
Ox,^ is a discrete valuation ring, the extension of the complete discrete valuation fields 
Frac(0x,5) '^'^^''^ Frac(Oyj(^)) is tamely ramified. 
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Lemma 1.1.8 Let 



u - 


C 


> X 


h 








h 


V - 


C 


> Y' 
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V - 


c 


> Y 



be a Cartesian diagram of separated normal schemes of finite type over F. We assume 
that X and Y are smooth over F, U G X and V CY are the complements of divisors 
with simple normal crossings and V is a dense open subscheme ofY'. We also assume 
that g : V V is finite etale and g : Y' ^ Y is quasi-finite and tamely ramified. 

Then, in {X x X)~, the intersection of the closure U Xy U \ U Xy' U with the log 
diagonal X C {X x X)^ is empty. 

Proof. The assertion is etale local on X and on Y. We put f = g o h and f = g oh. 
Let X be a geometric point of X and y = f{x) be its image. We take etale maps Y — >• 
= Spec F[Ti, . . . , Trf] and X ^ = Spec F[Si, . . . , Sn] such that V = Y Xj^,^ 
Spec F[Ti, . . . , T,] [(Ti ■ ■ ■ T,)-i] and U = Xx A^^Spec F[Su . . . , S^] [(^i ■ ■ ■ S,)-']. Since 
the assertion is etale local on Y, we may assume that there exist an integer e > 1 
invertible in F and a surjection Y^ = Y Xj^d^ Spec F[Ti, . . . , T^] [T^^^, . . . , Tr^^] — >■ Y' 
over Y by Abhyankar's lemma. Further we may assume that there exists a surjection 
Xe = X X Spec . . . , Sn] [Sl^\ . . . , S^"] ^Xxy,Y, over X. 

We put Ve = V Xy Ye and = U Xx X^. Then, (Xe x X^Y ^ (X x X)~ is 
finite, Xg — > X is surjective and the inverse image of U Xy U \ U Xy/f/isa subset of 
Ue Xy Ue\Ue Xy^Ue. Heucc, it is rcduccd to the case where X — » F' is Xg — » Y^ and 
further to the case Xg = Ye. Since {Ye Xy Yg)"' — >■ Ye is finite etale as in Lemma fl.l.3[ 
the assertion is proved. ■ 

1.2 Admissible automorphisms 

Let X be a smooth scheme over F, D he a divisor of X with simple normal crossings 
and U = X \ D he the complement. We study an automorphism of X stabilizing U. 

Definition 1.2.1 Let X be a smooth scheme over F, D be a divisor of X with simple 
normal crossings and U = X\D be the complement. Let Di, . . . , Dm be the irreducible 
components of D. 

Let a be an automorphism of X over F satisfying a {U) = U. We say a is admissible 
if, for each i = 1, . . . ,m, we have either cr[Di) = or cr{Di) fl = 0. 

We define the blow-up X^ X associated to the subdivision by baricenters and 
show that the induced action on Xs is admissible. 
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Definition 1.2.2 Let X be a smooth scheme purely of dimension d over F, D he 
a divisor of X with simple normal crossings and let Di, . . . , D^n be the irreducible 
components of D. For a subset J C {1, . . . , m}, we put Dj = Hie/ ^i- P'^^ — -^o 

and, for < i < d, we define Xj+i Xj to be the blow-up at the proper transforms of 
Di for \I\ = d — i inductively. We call = X^ —>■ X the blow-up associated to the 
subdivision by baricenters. 

Lemma 1.2.3 Let X be a smooth scheme over F, D be a divisor of X with simple 
normal crossings and let Di, . . . , be the irreducible components of D. Let U = X\D 
be the complement and let p : X be the blow-up associated to the subdivision by 

baricenters. 

1. The scheme X^ is smooth over F and the complement D' = X^ \ U is a 

divisor with simple normal crossings. For an irreducible component Dj of D' , we put 
I = {i\Dj C p^^{Di),l < i < m} and k = Then there exists an irreducible 

component Z of Dj satisfying the following condition. Let Z' C X^ be the proper 
transform of Z in X^ and Ez C Xjt+i be the inverse image of Z' . Then Dj is the 
proper transform of Ez- 

2. For an automorphism a of X over F satisfying cr{U) — U, the induced action of 
a on Xs is admissible. 

Proof. 1. It suffices to study etale locally on X. Hence, it suffices to consider the case 
where X = A'^ = Spec F[Ti, . . . , T^] and D is defined by Ti • • • = 0. Then Xs is 
obtained by patching Spec where 



A^^F 



rp V^V^; V^V"; rp rp 

-'(^(l)) ) ■ ■ ■ ) Tf^ ) -'■m+li ■ ■ ■ T -'-d 

-'■tpil) -/-(pim-l) 



for bijections ip : {1, . . . , m} — > (1, . . . , m}. The assertion follows easily from this. 

2. Let D[,..., D'^, be the irreducible components of D' and E = {/ C {1, . . . , m}} 
be the power set of {1, . . . , m}. We define a map ip : {1, . . . , m'} — > E by putting 

= {i\Dj C p~^{Di), 1 < i < m}. Then by 1, for irreducible components ^ D'-, 
such that D'j fl D'-, ^ 0, we have either ^ or ^ "^{j')- The map 

Ip : {1, . . . , m'} — s> S is compatible with the natural actions of a. Therefore, if (^{L)'^) = 
D'^^.^ ^ D'^, we have = = and a{D'^) n D'^ = 0. ■ 

We define the log fixed part for an admissible automorphism. 

Lemma 1.2.4 Let X be a separated and smooth scheme of finite type over F, D be 
a divisor of X with simple normal crossings and U = X \ D be the complement. Let 
a be an admissible automorphism of X over F satisfying cr{U) — U. Then, the closed 
immersion {l,a) : U ^ U x U is extended to a closed immersion 

(1-10) f . : ^ \ U:.p,)^D, A ^ X X)~. 



10 



Proof. By the assumption that a is admissible, the closed immersion (1, cr) : X — > 
X X X induces a closed immersion X ^ {X x X)' . Let T'^ denote X regarded as a 
closed subscheme of [X x X)' by this immersion. Then, it induces an isomorphism 

X \ U:.p,)^D, A - r; n (X X x)-. ■ 

Definition 1.2.5 Let X he a separated and smooth scheme of finite type over F , D he 

a divisor of X with simple normal crossings and U = X\D be the complement. Let a he 
an admissible automorphism of X over F satisfying cf{IJ) = U and let T„ C (X x X)~ 
denote the image of the closed immersion T„ : X \ U^.^j.^,^,^^. — >• (X x X)"" . We call 
the closed suhscheme 

(1.11) = Ax n = X X(xxX)- 

of X the log a -fixed part. 

Lemma 1.2.6 Let X he a separated and smooth scheme of finite type over F , D he a 
divisor of X with simple normal crossings and U — X \ D he the complement. Let a 
he an admissible automorphism of X over F satisfying cr{U) — U. 

1. The closed suhscheme X^^^ <Z X is a closed suhscheme of the a -fixed part X"' — 

X Xx^x/Va X . 

2. Let k E Z be an integer and assume is also admissible. Then, we have an 
inclusion 

r- 

^log ^log 

of closed suhschemes. 

3. Assume — and a is of finite order invertible in F. Then, we have 

^fog = 0- 

Proof. 1. Clear from the commutative diagram 

^ \ u..(A)^A A ^ X xr 

n 

X Sb^ XxX. 

2. Since X^^^ — X^^^^ and Xl^^ — X, we may assume A; > 1. Let and J^-fc be 
the ideals of Ox defining the closed subschemes X[^^ and X[^^ respectively. By 1, it is 
sufficient to show the inclusion J^k^^ C Ja,x of the ideals of Ox,x for each x e X'^. Let x 
be a point of X'^. The ideal J^^x is generated by a{a)—a and cr(&)/6 — 1 for a e Ox,x and 
b G Ox,x n j*0^^ where j : f/ — X is the open immersion. Similarly, J^rk^x is generated 
by (7^{a)—a and a^{b)/b—l for a G Ox,x and b G Ox,x^j*0^,^. Since a is admissible, we 
have a{b)/b G O^^. for b G Ox,xr]j^O^.^. We have a''{a)-a = EtJ(t^(f^'(«))-o"'(a)) ^ 
J,,, and a'ib)/b - 1 = EtJ(^(^H^'))/^H&) - ^)i^Kb)/b) G J,,, for a G Ox,x and 
b G Ox,x Hence, we have Ja-k^x ^ <^^,a;• 
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3. By 1, it is sufficient to show J^^^ = Ox,x for each closed point x E X'^ . Let x be 
a closed point in X'^ and e be the order of a. Since the question is etale local, we may 
assume F contains a primitive e-th root of unity. We take a regular system ti, . . . ,td 
of parameters of Ox,x such that ti - ■ -t^ defines D at x. By replacing tj's if necessary, 
we may assume there is a unique e-th root Q of unity such that cj(tj) = Qti mod 
for each U. Replacing U by Yl\=iCi^^'^^{U) / we may assume a{ti) = QU. Then, the 
ideal Ja^x is generated by — 1 for 1 < i < r and (Ci — ioi r < i < d. Since ~ 1 
is invertible unless = 1, we have either Jo-,^ = Ox,a; or J^^x = ((0 ~ l)^*? ('^ < ^ '^))- 
By the assumption that W = 0, we have Jq.,^ = Ox.x and the assertion follows. ■ 

Corollary 1.2.7 Let the notation be as in Lemma \ 1.2. 61 Assume a is of finite order 
e and is admissible for each j E^L. 
L If j is prime to e, we have 

2. If = ^ and if e is not a power of characteristic of F, then we have 

^log = 0- 

Proof. Clear from Lemma fl. 2. 61 2 and 3. ■ 

2 A Lefschetz trace formula for open varieties 

In preliminary subsections §§2.1 and 2.2, we recall some facts on the cycle class map 
and a lemma of Faltings on the cohomology of the log self product respectively. In 
§2.3, we prove a Lefschetz trace formula. Theorem I2.3.4| for open varieties. 

In this section, we keep the notation that F denotes a field and £ denotes a prime 
number invertible in F. 

2.1 Complements on cycle maps 

We recall some facts on cycle maps. Let X be a smooth scheme over F and i : Y ^ X 
be a closed immersion of codimension d. Then, the cycle class [Y] e H'^[X,'Li[d)) and 
the corresponding map are defined in P^ . 

Lemma 2.1.1 Let X be a smooth scheme over F and j : U ^ X be an open im- 
mersion. Let i : Y U be a closed immersion and assume that the composition 
i' = j o i : Y ^ X is also a closed immersion. Assume that Y is of codimension d in 
X . Then, for an integer q E 1j, the composition 

H1{X,Z,) //,nr,Z,) m+^''{U,Z,{d)) 

is the cup-product with the image of the cycle class \Y] G H'^{X.,7j^{d)) by the map 
H^^{X,Ze{d)) = Hl\X,3^Md)) ^ H^^X.j^Md))- 
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Proof. The cycle class [Y] e H^'^{X,Ze{d)) defines a map Ri"-Zg{d)[2d]. The 

push-forward map i^, : Z^) ^ if^+^°'(f/, Z^((i)) is the composition of the map 

H^(Y,Zi) H^'^'^{X, j\Zi{d)) induced by Z^ Ri'-Zi{d)[2d] with the canonical map 
H^'l^'^{X,jiZi{d)) H^+^'^{U,Zi{d)) in the notation of [H] 1.2.5, 2.3.1. Hence the 
assertion follows. ■ 

Lemma 2.1.2 Let X and Y be smooth schemes purely of dimensions n and m over 
F and f : X ^ Y be a morphism over F. Let Z be a closed subscheme of Y of 
codimension d and put W = Z Xy X. Then, the image of the cycle class [Z] G 
Hl'^{Y,Ze{d)) by the pull-back map f* : HfiY,Zi{d)) H^{X,Zi{d)) zs equal to the 
cycle class [f{Z)] of the image f'{Z) of the Gysin map /' : CHm-d{Z) CHn-d(W). 



Proof. In the case / : X — ^ y is smooth, the assertion is in J2] Theoreme 2.3.8 (ii). 
By decomposing f : X ^ Y as the composition of the graph map X ^ X x Y with 
the projection X x Y ^ Y, we may assume / : X — y is a closed immersion. We 
prove this case using the deformation to normal cone. 

Let (Y X A^y — >• F X be the blow-up at X x {0} and let Y' be the complement 
of the proper transform of F x {0} in {Y x A^)'. Let Z' be the proper transform of 
Z X A^ in Y'. The fiber Y' x^i {0} at is naturally identified with the normal bundle 
N = Nx/Y of X in F and Z' x^i {0} is also identified with the normal cone C — C\yZ 
of W = X Xy Z in Z 1121 Chapter 5.1. Let /' : X x A^ ^ F' denote the immersion 
and g : X ^ N he the 0-section. We consider the commutative diagram 

Hl^{Y,Ze{d)) Hl'f{Y',Zeid)) Hl\N,Z,{d)) 

r 

H^{X,Z,{d)) H^^j,,iX X A\Zeid)) H^{X,Z,{d)). 

The lower horizontal arrows are the same and are isomorphisms. In the upper line, the 
images of the cycle class [Z'] in the middle are the cycle classes [Z] and [C] respectively 
by [HI Theoreme 2.3.8 (ii). Since f{Z) is defined as g-{C) fH] Chapter 6.1 (1), it is 
reduced to showing the equality (7*([C]) = [(/'(C)]. 

We put Nw = N Xx W. Since C C Nw, the pull-back g* : Hl^{N,Zt{d)) ^ 

H^{X,Ze{d)) is the composition Hl^{N,Ze{d)) ^ HjfjN,Ze{d)) C H^{X,Z,{d)). 
Thus it is reduced to showing that the diagram 

CH^_,{Nw) HjfjN,Ze{d)) 

I 

CH^_,{W) > H^{X,Z,{d)) 

cl 

is commutative. Let p : X X be the projection. Then the maps g' and g* are the 
inverse of the pull-back map p*. Hence it is reduced to the case where f = p is smooth. 
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2.2 Cohomology of the log self products 



We recall a lemma of Faltings on the cohomology of the log self products. To state it, 
we introduce a notation. Let y be a smooth scheme over F and Di,D2 be relatively 
prime divisors of Y such that the sum Di U D2 has simple normal crossings. Let 

k2 



r \ (Di u D2) 

ki 

Y\D2 



32 



Y\D, 
ji 

Y 



be open immersions. Let i he a prime number invertible in F. Then, the base change 
map 

(2.1) jiiRk2<^Zi > Rj2<,kv.Zi 

is an isomorphism. We will identify ji!-R/i;2*Z^ = i?j2*^i!Z£ by the isomorphism (|2.ip . 
We define 

H'^iY, Dv., D2,, Ze) = H\Y, D2., Z^i-, Z,) 

to be W^iY, ji\Rk2^Jje) = H''{Y, Rj2:t.ki\Zi). If Di or D2 is empty, we write simply 
Hi{Y,Dv,,(ll*,Zg) = Hi{Y,Dv.,Ze) or D2*, 0!, Z^) = Hi{Y,D2,,Ze) respectively. 

With this convention, we have H'^{Y, Di\,Zi) = H^iY — Di,Zi), if Y is proper, and 

H^{Y,D2M = H'^{y - D2M- 

Let X be a smooth scheme of finite type over a field F, D be a divisor of X with 

simple normal crossings and U = X\D be the complement. We consider a commutative 

diagram 



(2.2) 



(X X xy \ D^^y 



(X X xy 



J2 



{X X X)'' 



(X X X)' \ 



X X f/ 



X xX- 



n 



ki 


R2 







UxU 



U X X. 

All the arrows except the log blow-up p : (X x X)' — > X x X are open immersions. 
The four faces consisting of open immersions are Cartesian. Let £ be a prime number 
invertible in F. The canonical maps jiZ^ — > Z^ Rj*'^e induce maps 

{j[e2)iRk2*Z(, 

3'i\Rk'2j\^e ^ j[,Rk'2^Ze 

= RjLK\^i ' Rj'2*k'i\Rj*Zi 

= R{j'2ei)^kiiZi. 



(2.3) 
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The equalities refer to the identification by ()2.1|) . 

Lemma 2.2.1 (Faltings) Let X be a smooth scheme over F, D be a divisor of X with 
simple normal crossings and p : {X x X)' —>■ X x X be the blow-up The maps 

()2.3|) induce isomorphisms 

(2.4) = Rp^:{j[e2)\Rk2*Zi > Rp^j[^Rk'2jLi > Rp^R{j2ei)^ki\Zi 

= Rj2*ki\Ze 

and the composition is the isomorphism (j2.ip . 

For the sake of completeness, we recall the proof in |TU| . 
Proof. Since ji = p o j[ o e2, 32 = V ° j'2 ° p is proper, we have ii\Rk2*'L^ = 

R'P*{.3 1^2) \Rk2*'Ze. and Rp^,R{i2ei)^ki\Ij^ = Rj2*ki\Zi. It is clear that the composition 
is the isomorphism ()2.H) . Thus, it is sufficient to show that the first arrow 

(2.5) Rp^{j[e2)\Rk2^Zi > Rp^^i'^^Rk^JLf^ 

is an isomorphism. Since the question is etale local on X x X, it is reduced to the 
case where X = Spec F[Ti, . . . , T^^] and D is defined by Ti ■ ■ ■ = 0. Further by the 
Kiinneth formula, it is reduced to the case where X = = Spec F[T] and D is defined 
by T = 0. In this case, by the proper base change theorem, the assertion follows from 
H'^{A^p, jilji) = for g G Z where j : \ {0} — >■ A^ is the open immersion. ■ 

Corollary 2.2.2 (Faltings) Let the notation be as in Lemma \2.2.1\ If X is proper 
over F , the maps 

m{Xp X Xp, Dfl Zeid)) = H^iiX x X)'^, (D^'^ U E)p,, of^', Z,{d)) 
H'^iiX X XYp, Df, \ Df;, Z,{d)) 
H%{X X XYp, Df, \ (D(2)' u E)p^, Zeid)) 

are isomorphisms for q E Z. 

Proof. Clear from Lemma f2. 2.11 ■ 

2.3 A Lefschetz trace formula for open varieties 

Let F be a field, X be a proper scheme over F and U he a dense open subscheme of 
X. Let T G U X U he a closed subscheme. Let pi,p2 : T ^ U denote the compositions 
of the closed immersion i : T ^ U x U with the projections pri,pr2 : U x U ^ U. 
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Lemma 2.3.1 Let X be a proper scheme over F . Let D he a closed subscheme and 
U — X \ D (Z X be the complement. Let F (Z U x U be a closed subscheme and F be 
the closure ofFinXxX. We put D^^^i = DxX and D^^^ = X xD. Then, the second 
projection p2 F ^ U is proper if and only if we have the inclusion 

(2.6) TnD^^^ cTnD^^^ 

of the underlying sets. 

Proof. The projection p2 : F ^ U is proper if and only if Fn (X xU) = Fr\{U xU) = F. 
Taking the complement, it is equivalent to F Pi D^"^^ — F O (D^^^ U D^^-*). It is further 
equivalent to F n D^^) C F n D^^) . ■ 
In the following, we assume that U is smooth purely of dimension d, that F is purely 
of dimension d and that p2 : F ^ U is proper. For a prime number i invertible in F, 
we define an endomorphism F* of H^{Vp, Z^) to be pu °P2 ^-^d consider the alternating 
sum 

2d 

Tr(F* : H:{Up,Ze)) = J](-1)«TV(F* : H^^UpM). 

g=0 

Since p2 is assumed proper, the pull-back P2 : H^{Up, Z^) — > H^{Fp, Z^) is defined. We 
briefly recall the definition of the push-forward map pu '■ H^iXr^'^i) ~^ H^{Up,Zi). 
Let f : U ^ Spec F and g : F Spec F denote the structural maps. Then 
the trace map Rg\Ze{d)[2d] — > Z^ induces the cycle class map Ze{d)[2d] — > Rg'Ze. 
Since U is smooth of dimension d, the cycle class map for U induces an isomorphism 
Rp[Ze{d)[2d] Rp[Rf% Rg%. Thus, we obtain a canonical map Z^ Rpi^^ 
and hence RpuZg Z^ by adjunction. The map RpnZ^ Z^ induces the push-forward 
map Pu : H^d^p^Ze) ^ H^Up^Z^). 

We give another description of the map F* = pu o P2 using the cycle class of F. 
We put Hf^Up X UF,Zi{d)) = H^{Xp x Up, {j x id)iZi{d)). By the assumption that 
P2 : r — > [/ is proper, F is closed in X x U and hence the canonical maps 

H^'^iX X U, (j X id),Ze{d)) Hl'^{X x U,Ze{d)) Hf^\U x U,Ze{d)) 

are isomorphisms. Thus the cycle class [F] G H^'^{U x U,Zf {d)) defines a class [F] G 
H'^'^{Xp X Up, (j X id)!Z^(d)) = Hff^Up x Up,Ze{d)). By the Kiinneth formula and 
Poincare duality, we have canonical isomorphisms 

0^ H^Up, Qe) ® H^'^-'^iUp, Qe{d)) > H?t{Up x Up, Q,{d)) 

0^ H^Up, Qe) (8) HomiH^Up, Q,), Q,) > UT=o End H^Up, Q,). 

Lemma 2.3.2 Let F G U x U be a closed subscheme of dimension d. Assume that 
P2 : F ^ U is proper. Then, by the canonical isomorphism Hf'j^iUp x Up,Qe{d)) 

Jl^f Q End HdUp,Q() , the image of the cycle class [F] is F* . 
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Proof. It is sufficient to show the equahty 

Pupla = pri*([r] Upr*a) 

in H^{Up, Qe) for an arbitrary integer q e Z and a G H^{Up, Qe). Let i : T ^ U x U 
be the immersion and i' : T U x U ^ X x U he the composition. Since p\*p\oi = 
pru{i^:i'*pr2a), it is reduced to showing the equahty 



in H^iUp X Up, Qi) for /? e H^{Xp x Up, Qi). By Lemma I^XTl the class is the 

product with the class of F. Thus the assertion follows. ■ 

Lemma 2.3.3 Let U and V be connected separated smooth schemes of finite type 
purely of dimension d over F . Let g : U V be a proper and generically finite 
morphism of constant degree \U : V] over F . Then, for V* G H?f{Vp x Vp, Qi) = 
Ulio End H^,{Vp, Qi), we have 



(2.7) 



[U:V] 



TT{{{gxgyTY:H:{Up,Qe)). 



Proof Since g* : H*(yp, Qi) H*{Up, Qi) is injective and g^ og* is the multiplication 
by [U : V], it is sufficient to show that {{g x g)*T)* is the composition g* oT* o g^. In 
other words, it suffices to show the equality 

pri*iii9 X g)*[T] Upr^a) = g*iprui[T] Upr^g^a)) 

for g G Z and a G H^{Up, Qe). In the commutative diagram 

UxU U 

Ixg 



U XV V XV 



pr2 



V 



pr-i 



pri 



u 



V, 



a lives on U in the northeast and F lives on V x V. Thus, by the projection formula, 
we compute 

pri*iig X g)*[T]Upr;a) =pri,((l x g)*{g x 1)*[F] U pr^a) 
= prr^ig x 1)*[F] U (1 x g).Tyrla) = prr-^ig x 1)*([F] Uprrlg^a)) 
= g*pru{[T]Upr2g^a). 



We prove a Lefschetz trace formula for open varieties. 
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Theorem 2.3.4 Let X be a proper and smooth scheme purely of dimension d over a 
field F and U he the complement of a divisor D with simple normal crossings. Let 
T C U X U be a closed subscheme purely of dimension d. Let D^^^', D^"^^' C {X x X)' 
denote the proper transforms of D^^\ D^"^^ respectively and let T be the closure ofT in 
{X X X)'. We assume that we have an inclusion 

(2.8) r' n c r' n d^^)' 

of the underlying sets. 

Then, the map p2 '■ T ^ U is proper and we have an equality 

(2.9) Tr(r* : H:iUp, Q,)) = deg (f, A'^)ixxxy. 

The right hand side is the intersection product in {X x X)' of the closure v' with the 
image A'x of the log diagonal closed immersion A' : X ^ {X x X)'. 

Proof. First, we show the map p2 '■ T ^ U is proper. By the assumption (j2.8|l 
r' n DW' cT'n D^^^, we have v' n (D(i)' U E) C r' n (D^^)/ y YLence we have (ESD 
r n Z)*^^) C r n D*^^^ and the assertion follows by Lemma f2.H. II 

Since the restriction of ji\Rk2*'^e{d) on the diagonal X C X x X is j\7j£{d), the 
pull-back map 

A* : H?f{Up X Up, Ze{d)) > H^/iUp, Md)) 

= H^\Xp X XF,jvRk2A{d)) = H^'^{Xp,jiZe{d)) 

by the diagonal is defined. Then, by Lemma I2.H.2I and by the standard argument (cf. 
Proposition 3.3 ^21) in the proof of Lefschetz trace formula, we have 

(2.10) Tr(r* : H:{Up,Qe)) = Tr(A*([r])). 

In the notation introduced in the beginning of §2.2, we have H^f{Up x Up, Z^((i)) = 
H'^\XpxXp,Df,,Dfl,Zi{d)) aji<lHl'^{Up,Zi{d)) = H'^\Xp, DpuZ^). The canonical 
map (X X X)' X X X induces an isomorphism H'^{Xp x Xp,D^p},D'p}^,Z(_{d)) — >• 
H'i({X X X)^, (D(i)' U E)j?,, Df^, Ze{d)). Thus the composition 

Hl'^^iUp X Up,Ze{d)) = H\Xp X Xp,Df, ,D%Z,{d)) 

(2.11) H\{XxX)'p,{D^^^'UE)p,,Df;,Z,{d)) 
H\{X X X)'p, Df;, Ze{d)) 

is an isomorphism by CoroUarv 12.2.21 

We put r' = f \ f n D^^^'. By the assumption (Q, we have T' n D^^^' = 0. Thus 
the cycle class [V] G H^'^{{X x Xy^, o'p,^' , ofj ,ZeXd)) is defined. We show that the 
arrow 1)2.111) sends [F] to [F']. By Corollary 12.2.2) the map 

H'^^iiX X X)'p, Df;, Z,{d)) ^ H^\{X X X)'p, Df, ', {E U D^^^')p,, Z,{d)) 
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is an isomorphism. By this isomorphism, both [V] and the image of [F] are sent to [F]. 
Hence the arrow ()2.1H) sends [F] to [F']. 

Since n D^^)' = 0^ the map A'* : H'^{{X x X)'^, ofj ,Ze{d)) H'i{Xp,Ze{d)) 
is defined. We consider the commutative diagram 



[F]G HltiUpxUpMd)) 

i Em 



A* 



[T']eH^\{XyiXy^,Df:,Df'Ud)) H^'iXpMd)) 



(2.12) i 

[F']G H^^iiXxX)'p,DfjMd)) 

T 

[r']G H'^iix X xYpMd)) 



A'* 



H^''{Xp,Zeid)) 



H^\XpMd)). 



As we have shown above, the arrow ()2.1ip sends [F] to [F']. Since the middle and the 
lower left vertical arrows send [F'] and [F ] to [F'] respectively, we have 



(2.13) 



Since 



Tr(A*([F])) = Tr(A'*([F])). 



Tr(A'*([F]))=deg iV , /\'^\x.xy , 
the assertion follows from the equalities ()2.10p and ()2.13|) . 



Remark 2.3.5 In Theorem 2.3.4 ^ we can not replace the assumption ()2.8j) F {~}D^^'^' C 
F n D'^'^^' by a weaker assumption ()2.(i|l F fl Z^*^^-* C F fl Z^*^^-* as the following example 
shows. Let X = P^, U = A^, and n > 1 be an integer. Let f : U ^ U be the 
n-th power map and T G U x U be the transpose F = {{x,y) & U x U\x = y"} of 
the graph of f . Then, we have Tr(F* : H*{UpM) = Tr(/, : HHJJfM) = 1 while 
(F, A)(xxx)' = n. 



One can deduce a part of a conjecture of Deligne from Theorem 12.3.41 as follows. 
The conjecture of Deligne itself is proved assuming resolution of singularities by Pink 
in and proved unconditionally by Fujiwara in |TJ using rigid geometry. In the 
proof below, we will not use rigid geometry or assume resolution of singularities. 

We introduce some notations assuming F is a finite field. For a scheme over F, let 
Ft denote the Frobenius endomorphism over F. Let ?7 be a separated smooth scheme 
of finite type of pure dimension d over F. Let F C t/ x f/ be a closed subscheme of 
dimension d and assume the composition p2 : T U with the projection is proper. 
For an integer n > and a prime number i different from the characteristic of F, 
we consider the alternating sum TT{Fr*^T* : H*{Up,Qe)). Let i„ : F ^ t/ x f/ be 
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the composition of the immersion i : T ^ U x U with the endomorphism 1 x Fr" 
of U X U. Let r„ denote the scheme F regarded as a scheme over U x U hj in- If 
the fiber product r„ Xu^^jj Au is proper over F, the degree of the intersection product 
{Tn,Au)uxu e CHo{Tn Xuxu At/) is defined. 

Proposition 2.3.6 (cf. [n], [2S1) Let U be a separated smooth scheme of finite type 
of pure dimension d over a field F and I he a prime number different from the char- 
acteristic of F . Let T d U X U be a closed subscheme of dimension d. Assume the 
composition p2 :T ^ U with the projection is proper. Then, we have the following. 

1. The alternating sum Tr(r* : H*{Up,Qi)) is in Z[i] and is independent of i 
invertible in F. 

2. Assume F is a finite field. Then, there exists an integer no > satisfying the 
following property. 

For an integer n> uq, the fiber product r„ Xjjxu 'is proper over F and we have 



Proof. 1. It is reduced to 2 by a standard argument using specialization. 

2. By the main result of de Jong jH] and Lemma (2.3.31 we may assume that there 
exists a proper smooth scheme X containing U as the complement of a divisor with 
simple normal crossings. We will derive Proposition from Theorem 12.3.41 using the 
following Lemma. 

Lemma 2.3.7 Let X be a proper smooth scheme over a finite field F of order q and 
D d X be a divisor with simple normal crossings. Let U = X \ D be the complement 
and let r G U X U be an integral closed subscheme. Assume p2 '.V ^ U is proper. 

Then, there exists an integer no > such that, for all n > uq, the closure i„(r„) C 
(X X X)' of the image «„(r„) G U x U satisfies the inclusion 



Proof. Let F C (X x X)' be the closure of F. By the main result of de Jong [Hj, 
there exist a proper smooth integral scheme Z of dimension d, a proper map Z ^ T 
over F such that the inverse image W = Z Xp F is the complement of a divisor B with 
simple normal crossings. Let Z' ^ Z he the blow-up associated to the subdivision by 
baricenters and B' = Z' \ W he the complement. 

Let fi,f2 : — i> X be the compositions with the projections. Let Di, {i G /) be 
the irreducible components of D and B'-, {j G J) be the irreducible components of B'. 

We put f*A = Y.jej'^if^'j ^^"^ ^2 A = J^jej'^if^j ^ G /. By the assumption 
P2 : T ^ U is proper, the composition r2 : W ^ U is proper and hence the support of 
f2-D = X]jej(X]ie/% equals B'. In other words, for every j G J, there exists an 
index i G / such that e)- > 0. 



(2.14) 



Tr(Fr;?F* : KiUp^Qe)) = deg{Tn, Au)uxu. 



(2.15) 



Zn{Tn)\tn{Tn)CD'^'^'. 



20 



Let Jo C J be the subset {j G J\Bj is the proper transform of an irreducible 

component of B}. Then, if B'j fl Bj, ^ and if j G Jo, we have e^y < e-J . Hence, if 

eg) = and e^^} > for B'j n B'j, ^ 0, then we have j G Jo- 

We show that, for every z G B', there exists an index i E I such that e\j > 
for all Bj 3 z. We prove this by contradiction. Assume there exists z E B' such 

(2) 

that, for every i E I, there exists a component B'j 3 z such that e\j = 0. First, we 
show that there exists an element jo G Jo such that z G Bj^. Let Bj be a component 
containing z. Then, as we have seen above, there exists an index i E I such that 
e^^^ > 0. By the hypothesis, we also have an index jo ^ J such that z G B'j^ and 

(2) (2) 

ijo ~ ^' Si'^c^ ^ ^ ^'jo ^ have jo ^ <^o- We show elj^ = for every i G /, to get 

(2) 

a contradiction. For i G /, by the hypothesis, there exists Bj 3 z such that e-^- = 0. 

(2) (2^ 

Since ^; G -B^-^ fl 5^- 7^ 0, we have = > e^-^-^ > 0. Thus we get a contradiction. 

We take Uq > such that > maxjg/^jgj e^-j''. Then, for every z G -B', there 

exists an index i E I such that q^°e^^^ > e-j'* for all B'j 3 z. Namely, we have a strict 
inequality 

(2.16) q"%Di > flD, 

of germs of Cartier divisors at z. 

We show the inclusion (j2.15j) for n > Uq. We consider the product in : W ^ 
{X X Xy X Z' of the composition W ^ V with z„ : r„ ^ f/ x f/ c (X x X)' 
and the inclusion W —* Z'. Let Zn be the closure of the image of the immersion 
in '■ W ^ {X X Xy X Z' with the reduced scheme structure. Let f„ : Z„ — (X x X)' and 
fn '■ Zn ^ Z' be the projections. Further, let fi^„,f2,„ : Z„ — X be the compositions 
of f„ with the projections. Then, since W G Zn is dense, the diagram 

Zn Z' 



ri,nXr2,„ 



1 X Fr" 

X X X 4^^^ X X X 

is commutative. Thus, we have equahties f^^Di = f*flDi and f^^Di = q^f*f2Di of 
Cartier divisors on Zn for each i E I. 

Since W ^ T is proper and surjective, we have i„(r„) \ i„(r„) = f„(Z„ \ W). For 
every point z E Zn \ W, there exists an index i E I satisfying a strict inequality 

rlnDi = q^mD, > f^flD, = flnD^ 

of germs of Cartier divisors at z by ()2.1(i|l . Namely, we have z E r~^(X x D^y . Thus, 
we have f„(Z„ \ W) C D^"^^' = [Ji^j{X x Di)' and the assertion follows. ■ 
We complete the proof of Proposition 12.3.61 Take a proper scheme r„ over F 
containing F as a dense open subscheme and a map : F^i — (X x X)' extending the 
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map in ■ Tn ^ U X U. The intersection of the log diagonal C (X x X)' with D^'^^' 
is empty. Hence by the inclusion ()2.15|) in Lemma [2.3.71 the intersection i„(r„) n 
with the log diagonal equals i„(r„) fl A[/. Hence the fiber product Xuxu = 

r„ X(xxx)' is proper over F and we have (r „, A^)(xxx)' = {Tn,Au)uxu- 

Also by the inclusion (j2.15|) in Lemma [2. 3. 71 the assumption (j2.8|) of Theorem 12. 3. 41 
is satisfied for the support of the cycle 2„*(r„). Thus, by Theorem 12.3.4| we have 
Tr(Fr|,"r* : H^iUp, Q,)) = deg(r\:, A^)(xxx)' = deg(r„, Au)uxu. ■ 

3 Intersection product with the log diagonal and a 
trace formula 

We introduce the target group CHQ(y\V) of the map ()0.1|) in §3.1. We define the map 
()U.1|) and prove the trace formula ()0.2j) in §3.2. We establish elementary properties of 
the map (jU.ip in §3.3. We define and compute the wild different of a covering and the 
log Lefschetz class of an automorphism using the map (lU.lj) in §3.4. 

In this section, F denotes a perfect field and f : V ^ U is a. finite etale morphism 
of separated and smooth schemes of finite type purely of dimension d over F. 

3.1 Chow group of 0-cycles on the boundary 

In this subsection, we introduce the target group CHoiV \ V) of the map ()0.1|) . 

Definition 3.1.1 Let V be a separated smooth scheme of finite type over a field F. 

1. Let Cy be the following category. An object of Cy is a proper scheme Y over F 
containing V as a dense open subscheme. A morphism Y' Y in Cy is a morphism 
Y' ^ Y over F inducing the identity on V. 

Let Cy^ be the full subcategory of Cy consisting of smooth objects. Let be the 
full subcategory ofCy consisting of smooth objects Y such that V is the complement of 
a divisor with simple normal crossings. 

2. We put 

(3.1) CHo{V\V) = lim CHoiY\V). 
The transitions maps are proper push- forwards. Let 

(3.2) deg : CHo{V\V) > Z 

be the limit of the degree maps CHq{Y \ V) ^ Z. 

Recall that we assume F is perfect. The resolution of singularities means that the 
full subcategory Cy" is cofinal m. Cy. A strong form of the resolution of singularities 
means that C^'" is cofinal in Cy. Thus, it is known that C^'^ is cofinal in Cy if 
dimension V is at most 2. More precisely, if dimension is at most 2, we have a strong 
form of equivariant resolution of singularities as follows. 
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Lemma 3.1.2 Let V be a separated smooth scheme of finite type of dimension < 2 
over a perfect field F and G be a finite group of automorphisms of V over F . 

Then the full subcategory of C^^'^ consisting of Y with an admissible action of G 
extending that on V is cofinal in C 



Proof. Let Yq be an object of Cy- Let Yi be the closure of the image of the map 
V YlaeG^ ricrGG^o sending v to (o"(t'))o-eG- Let Y2 be the minimal resolution of 
the normalization of Yi. By blowing-up Y2 successively at the closed points where the 
complement Y2 \ ^ does not have simple normal crossing, we obtain Y^ in C^'° with 
an action of G. The action of G on the blow-up Y of I3 associated to the subdivision 
by baricenters is admissible by Lemma fl. 2. 31 2 ■ 

Let y be a separated scheme of finite type over F containing V" as a dense open 
subscheme. Then there exists a unique map GHq{V \ V") ^ GHo{Y \ V) satisfying the 
following property. Let Y' be an object of Cy containing F as a dense open subscheme. 
Then it is the same as the composition of the projection CHoiV \V) GHq{Y' \ V) 
and the restriction CHa{Y' \V) GHo{Y \ V). 

Let f : V ^ U he a finite flat morphism of smooth schemes over F. The push- 
forward maps induces a map f^.. : GHq{V \ V^) — GHq{U \ U). The fiat pull-back map 
/* : GHaiU \U)-^ CHo{V \ V) is defined as follows. 

Lemma 3.1.3 Let f : V ^ U be a finite flat morphism of smooth schemes over F. 
Then, the following holds. 

1. Let X be an object ofCu and Y be an object of Cy- Then there exist a morphism 
X' X in Cu , a morphism Y' ^ Y in Cy and a finite flat morphism f : Y' X' 
over F extending f : V —>■ U. 

If f '■ V —>■ U is a Galois covering of group G, there exists f':Y'—>- X' as above 
such that the action of G is extended to an action on Y' . 

2. Let g : X' X be a morphism in Cu and h : Y' Y be a morphism in Cy . Let 



Y' — ^ Y 



(3.3) 



X' X 



be a commutative diagram of morphisms over F where the vertical arrows extend f : 
V ^ U . Then, the diagram 

CHo{Y'\V) GHo{Y\V) 

r r 

CH,{X'\U) GH^{X\U) 

is commutative. 
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Proof. 1. By replacing Y by the closure of the graph T f C V x U C Y x X, we 
may assume that there exists a proper map f : Y ^ X extending f : V ^ U . Then, 
we obtain a finite fiat morphism f : Y' ^ X' by applying Theoreme (5.2.2) of fI7\ . 

Assume V —>■ U is a Galois covering. Then, by replacing Y by the closure of the 
image V — > Ho-gg ^ YlaeG ^ sending v to (cr(u))o-gG! we may assume the action of 
G on is extended to an action on Y. It suffices to apply the construction above. 

2. Since the assertion is clear if the diagram ()3.3p is Cartesian, we may assume 
X' = X. Let X G X \ [/ be a closed point and put A = Ox,x- For y G /^^(x), we 
put By = Oy^y For y' G f'^^{x), we put B'^, = Oy^y'- Then, we have /*([x]) = 

[y']. For each y G f~^{x), we have rank^i?^, = J2y'eh-^{y) rank^i^^,. Thus the assertion 
follows. ■ 
By Lemma the flat pull-back maps /* : CHo{X \U) ^ CHq{Y \ V) induce 

r ■CH^{U\U)-^CH^(y\V). 

Corollary 3.1.4 Let f : V ^ U be a finite flat morphism of smooth schemes of 
constant degree N . 

1. Then, the composition f^o f* : CHq{U \ U) ^ CHq{U \ U) is the multiplication 
byN. 

2. Assume further that V ^ U is a Galois covering of Galois group G. Then, the 
composition f* o f^ : CHq{V \V) CHoiV \ V) is equal to I^^gc* ^* ■ 

The pull-back map f* induces an isomorphism f* : CHq{U\ U) ®z Q {CHo{V\ 
V) ®i Q)*^ to the G -fixed part. The inverse is given by j^/*. 

Proof. Clear from Lemma f3. 1.31 ■ 
If we admit resolution of singularities, the projective limit GHQ{y\V) is computed 
by a smooth object in Cy as we see in Corollarv 13 . 1 .61 below. 

Lemma 3.1.5 Let V be a separated smooth scheme of finite type over F . Let Y and 
Y' be separated smooth schemes over F containing V as dense open subschemes and 
g : Y' Y be a morphism over F inducing the identity on V. 

Then, the Gysin map g' : GHo(Y \ V) ^ GHq{Y' \ V) is a surjection. Further if 
g : Y' Y is proper, the map g' : GHq{Y \ V) ^ GHq(Y' \ V) is an isomorphism and 
IS the inverse of g, : GHoiY' \V) ^ GHq{Y \ V). 

Proof. Let K,d denote the Zariski sheaf of Quillen's K-theory. Then, by the Gersten 
resolution, the Chow group G Hq{Y \ V) is identifled with the cohomology Hy^^y{Y^ /C^) 
with support and the Gysin map g' : GHq{Y \ V") ^ GHoiY' \ V) is identifled with 
the pull-back map g* : Hy^^yiY, ICd) Hyi^yiY' , JCd). Thus, we have a commutative 
diagram of exact sequences 

H''~\V,}Cd) > GHoiY \V) > GHoiY) > GHoiV) 

1 1 

H''-\V,Kd) > GHoiY' \V) > GHoiY') > GHoiV). 
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Since CHo(Y') is generated by the 0-cycles on the dense open V C Y', the map 
g' : CHo(Y) CHq{Y') is surjective. Thus a diagram chasing shows the surjectivity 
oig' ■CH,{Y\V)^CH^{Y'\V). 

If g is proper, we have g* o g' = id by the projection formula. Hence g' is an 
isomorphism and is the inverse of g^,. ■ 

Corollary 3.1.6 Let V be a separated smooth scheme of finite finite type over F. 
Assume the full subcategory Cy" consisting of smooth objects is cofinal in Cy ■ 

1. Then, the projection CHQ{y\V) — >■ CHq{Y\V) is an isomorphism for an object 
Y ofCf^. Their inverses induce an isomorphism lim s^.opp CHo{Y\ V) CHq{V\ V) 

where the transition maps are Gysin maps. 

2. Let f : V —>■ U be a finite flat morphism of smooth schemes. Assume the full 
subcategory is also cofinal m Cu. 

Then, the pull-back map f* : CHq{U \U) CHq{V \ V) is the same as the map 
lim CHq{X \ f/) — > lim opp CHq{Y \ V) induced by the Gysin maps. 

^^u ' ^ V 

Proof. 1. Clear from Lemma f3.1 .51 

2. Let X and Y be objects of and of respectively and let / : F ^ X be a 
morphism over F extending f : V ^ U. It is sufficient to show that /'([x]) = 
for an arbitrary closed point x & X \ U. Let X' —>■ X he the blow-up at x and Y' 
be an object of C|J° dominating Y Xx X'. Replacing Y ^ X hy Y' ^ X', we may 
assume that the map f : Y ^ X is finite fiat on a neighborhood of x. Then, we have 
p{[x]) = [f'\x)]. By applying Theoreme (5.2.2) of [27,, we also get f*{[x]) = [r\x)]. 



3.2 Definition of the intersection product with the log diago- 
nal 

First, we recall the existence of alteration. 

Lemma 3.2.1 Let f : V ^ U be a finite etale morphism of separated and smooth 
schemes of finite type purely of dimension d over a perfect field F . Let Y be a separated 
scheme of finite type over F containing V as a dense open subscheme. 
Then, there exists a commutative diagram 

(3.4) \ 

9 

V^^Y Y 



satisfying the following conditions: 
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()3.4[ 1) U is the complement of a Cartier divisor B of X . 

()3.4[ 2) Z is smooth purely of dimension d over F and W is the complement of a 
divisor D of Z with simple normal crossings. 
(j3.41 3) The two quadrangles are Cartesian. 

(j3.41 4) g : Z is proper. The map g : W V is a generically finite surjection 

of constant degree [W : V] . 

Proof. By [21], there exists a proper scheme X over F containing f/ as a dense open 
subscheme. By replacing X by its blow-up at a closed subscheme whose support is the 
complement of U, the condition ()3.4[ 1) is satisfied. By replacing Y by the closure of 
the graph oi f : V ^ U in Y x X , we may assume there is a commutative diagram 

V Y 

(3.5) /| |/ 

U X. 

Since V is proper over U and is dense in U XxY, the diagram ()3.5|) is Cartesian. Now, 
it is sufficient to apply the main result of de Jong |9j to C F to find W <Z Z. ■ 
Next, we study the intersection product with the log diagonal on the level of alter- 
ation. We consider a Cartesian diagram 



(3.6) 



w - 


c 


> Z 


h 








h 


u - 


c 


> X 



of separated schemes of finite type over F satisfying the conditions: 
()3.4[ 1) U is the complement of a Cartier divisor B of X. 

()3.4[ 2) Z is smooth purely of dimension d over F and W is the complement of a 
divisor D of Z with simple normal crossings. 

Let Di, . . . , Dm be the irreducible components of D and let {Z x Z)~ be the log product 
with respect to the divisors Di, . . . , Dm- The scheme {Z x Z)~ is smooth over F and 
contains W x W as the complement of a divisor with simple normal crossings by 
Lemma fl.l.4[ The log diagonal map Az '. Z —>■ {Z x Z)^ is a regular closed immersion 
of codimension d. Let {Z Xx Z)^ = {Z x Z)^ >^{xxx)~ X be the relative log product 
defined with respect to the Cartier divisor B and the family Di, . . . , d Z of Cartier 
divisors. 

Let T be an open neighbourhood of Aw in W XjjW . Then the closure W XjjW \ T 
in {Z X Zy satisfies W XuW\T n C Z \ since W XuW\T xW = 
W XjjW \ T . Thus the intersection product in (Z x Z^ defines a map 

(3.7) ( , Az)(zxz)- : CEd{W XyW\T) > CH^{Z \ W). 
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Proposition 3.2.2 Let Z he a smooth scheme purely of dimension d over F and W C 
Z be the complement of a divisor D with simple normal crossings. Let W U be a 
morphisms of schemes of finite type over F andT (iW^uWbean open neighborhood 
of the diagonal Assume there exists a Cartesian diagram (13. 6p satisfying the 

conditions (lOll) and (101 2) . 

i. Let W Xu W \ T be the closure in {Z x Then, there exists a unique map 

(3.8) ( ,Azy°S:Cif,(iy x^iy\T) > CH^{Z\W) 

making the diagram 



CHd{W xuW\T) 

restriction 

CHa{W XuW\T) 



( Az)(ZxZ)~ 

-^CH^{Z \ W) 



commutative. 
2. Further, let 



W 



Z' 



w ——^ z 

be a Cartesian diagram of schemes over F . We assume that Z' is smooth over F and 
that W is the complement of a divisor of Z' with simple normal crossings. Then, we 
have a commutative diagram 



(3.9) 



CHaiW XuW\T) 

(kxk)' 

CH,{W'xuW'\{kxk)-\T)) 



( Az'Y"^ 



CHoiZ \ W) 
CHo{Z' \ W) 



where the left vertical arrow is the Gysin map for kxk: W x W ^ W x W . 

Proof. 1. Take a Cartesian diagram (j3.6j) satisfying the conditions (13.41 1) and (j3.4l 2). 
Then {Z Xx Z)"" is a closed subscheme of {Z x Z)^ containing W Xu W as an open 
subscheme. Hence, W XuW \ T is closed in {Z Xx Z)^ \ T and W XuW\T is open 
in {Z Xx Z)^ \ T. Thus, it suffices to show that the map ( , Az){zxz)~ '■ CHd{{Z Xx 
Zy \T) ^ CHo{Z \ W) factors through the restriction map CHd{{Z XxZ)^\T) ^ 
CHd{W XuW\T). The kernel of the surjection CHdi{Z Xx Zy \T) ^ CEdiyV Xy 
W\T) is generated by the image of ChX{Z XxZY\W XuW). 

We use the notation in Lemma 11.1.41 replacing X ^ Y Z X. Then, the 
complement [Z x Zy \ {W x W) is the union of divisors E°. Hence the complement 
{ZxxZy\{WxuW) = {Z X X zy n{iZxZy\{WxW)) is the union oi{ZxxZynE°. 
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Thus the kernel of the restriction map CHd{{Z Xx Zy \T) ^ CHd{W XuW\T) is 
generated by the images of CHd{{Z Xx Zy fl E°). 

The pull-back of the Cartier divisor E° C {Z x Zy hy the log diagonal map — > 
{Z X Zy is the Cartier divisor A^). C A^. Hence we have (C, ^z)(zy.z)~ = {C,^i:),)e° 
for a cycle C in E°. Thus, it is sufficient to show that the map 



(3.10) 



,A,)Jro :Ci/,((Zx^Z)~n^°) 



CH.iD, 



is the 0-map. 

The log diagonal map Di {Di x Di)^ is a regular immersion of codimension 
d — 1. The restriction E° j^. of the Gm-bundle E° — > {D-i x Di)^ to the log diagonal 
Di C {Di X Di)"" has a canonical isomorphism E°^, Gm,Di fjl-7p . The immersion 
A/)^ = Az n — >• E° gives the unit section D^ E°Di ~^ ^m,Di- Hence the map 
(j3.1(J|) is the composition of the maps 



(3.ii: 



CH,i{Z Xx Zr n E°) ^ '^'^^"'-"''^ CH,{{Z XxZrr\ EIj,^ 



CH^{Di). 



By Proposition 11.1.61 1. the intersection (Z H E° j-,, is a closed subscheme of 

/iei,D, C = Gm,Di- Hcucc the second map in (j3.11|) is the composition 



( ,A)g„ 



CH,{{Z Xx Zy n ) ^ CH,{^,,^^D.) - C7i7i(G,„,z,J 



Since the composition of the last two maps is the 0-map, the map 
CHd{{ZxxZ)-\T) ^ CHq{Z\W) induces a map CHd{WxuW\T) 
Thus the assertion follows. 

2. We consider the commutative diagram 



^ CH^{Di). 



,^z){ZxZ)'- '■ 

CHo{z\W). 



{Z' X Z'Y < iZ' X y, Z'T < Z' 

{kxk)- 

{z X zy 

where the right horizontal arrows are the log diagonal maps. Then, we have a commu- 
tative diagram 



{Z' Xx' Z') 

{kxk)" 

{zxx'zr ^ 



CH,{{Zxx' Zr\T) 

CHdiiZ'xx' ZT\{kxk)-\T)) 
and the assertion follows. 



( '^z')(z'xz'r 



CHq{Z \ W) 
CHo{Z' \ W) 
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Theorem 3.2.3 Let f : V ^ U be a finite etale morphism of separated and smooth 
schemes of finite type purely of dimension d over a perfect field F. 
1. There exists a unique map 



that makes the diagram 



CHo{V \ V) ®z 



(3.12) 



iaxg)'- 



CHoiV \ V) ®z 



CHd{W XuW\W XyW) i^MZ CHo{Z \ W) 




CHoiY \ V) ®z 



commutative for an arbitrary commutative diagram ()3.4|) satisfying the condition 

()3.4[ 0) Y contains V as a dense open subscheme. 
and the conditions ()3.4[ 1)- ()3.4I 4). 



2. Assume the full subcategory C^'^ is co final in Cy. Then, there exists a unique 



map 
(3.13) 



/\yf^^:CH,{yxuV\^, 



CHo{V \ V) 



satisfying the following property. 

Let Y be an arbitrary smooth separated scheme of finite type containing V as the 
complement of a divisor with simple normal crossings and let ( , Ay)^°s : CHdiV Xjj 
V \ ^v) CHq{Y \ V) be the map for Z = Y . Then the diagram 



(3.14) 



CHd{VxuV\A 



( A—V°^ 




CHoiV\V) 



CHoiY \V) 



is commutative if there exists a Cartesian diagram 

V > Y 



f 



f 



U 



X 



of separated scheme of finite type where X contains U as the complement of a Cartier 
divisor. 

Proof. 1. We consider an arbitrary commutative diagram ()3.4p satisfying the conditions 
(IS3l0)-(jS!l4). By the assumption that V ^ U is etale, the fiber product T = WxvW 
is an open neighborhood of A^^ \nW XuW and the map ( , A^)^°^ : CHd{W XuW\ 
W XvW)^ CHo{Z \ W) is defined by Proposition 1221211. 
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For an object Y of Cy, there exists a commutative diagram ()3.4|) satisfying the 
conditions (IS311)-(IS]l4) by Lemma imi The composition CHd{V XuV\ Ay) 
CHq{Y \ V) ®i Q via the lower hne in ()3.12j) is independent of the choice of diagram 
(jS31) b_y Proposition We define the map ( , A^)i°s : CHd{V x^/ 1/ \ Ay) ^ 

CHoiy \V) as the hmit. Then it is clear that the map ( , Ay)'°s satisfies the 

condition. 

2. By the assumption and CoroUarv 13.1.61 1. the group CHQiV \ V) is identified 
with the inductive limit lim ^^ o ^pp C Hq{Y \ V) with respect to the Gysin maps. Hence 

it follows from Proposition 13.2.21 ■ 
If Cy^'° is cofinal in Cy, the map ( , Ay)^°§ is induced by ( , Ay)^^. 
We prove the trace formula ()().2|1 in Proposition 13.2.41 Let V ^ U he a. finite 
etale morphism of separated smooth schemes of dimension d over F . Let £ be a prime 
number invertible in F and F be an algebraic closure of F . For an open and closed 
subscheme V oi V Xu V \ Ay, we define an endomorphism F* of if^(Vp,Q£) to be 
Pi* °P2- We put 

2d 

Tr(F* : H:{Vp,Q,)) = J^i-^TM^* ■ H!{Vp,Qe)). 

Proposition 3.2.4 Let f : V ^ U be a finite etale morphism of separated and smooth 
schemes of finite type purely of dimension d over a perfect field F . Let I be a prime 
number invertible in F . 

Then, for an open and closed subscheme F ofVxjjV\ Ay, we have 

(3.15) Tr(F* : HHVf, Qd) = deg(F, Ayt^. 

Proof. Take a diagram ()3.4|) with X, Y and Z proper over F satisfying the conditions 
(jS310)-(|S3|4). By Lemma 12331 we have 

Tr(F* : KiVpMd) = |^^7^Tr(((<? x gyvy : H^WpMi))- 

By Lemmainmi we have {g x gY\r] = [{g x 5f)'(F)]. Take an element f = Y^iU^ld] E 
Zd{W XuW\W XyW) representing [{g x ^)'(F)] G CHd{W XuW\W XyW). By 
Proposition 11.1.6( 2. the closures Ci C {Z x Z)' satisfy the condition ()2.8j) . Hence by 
Theorem I2.3.4| we have 

Tiiiig X gyry : H:{Wp,Q,)) = deg{^,n,[C,],Az)iz.zY 

= degiigxgyT,Azy''^. 

By the definition of (F, Ay)'°s, we have 

deg (F, AyY^^ = ^^^^ ■ deg {{g x ^)^F, A^)i°^. 
Thus the equality (j3.15p is proved. ■ 
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3.3 Properties of the intersection product with the log diag- 
onal 

We keep the notation that f : U ^ V denotes a finite etale morphism of separated 
smooth schemes of finite type purely of dimension d over a perfect field F. 

The maps ( , A^)i°s : CHd{VxuV\Av) CHo{V\V)®zQ satisfies the following 
functoriality. 

Lemma 3.3.1 Let U be a separated smooth scheme of finite type purely of dimension 
d over a perfect field F. 

1. Let V U' be a morphism of finite and etale schemes over U. Then the map 
( , A^)^°s ; CHd{V xu, V \ Ay) CHo(V \V) ®zQ «s equal to the restriction of 
( , AyY^^ : CH^iV XuV\Av)^ CHoiV \ V) ®z Q. 

2. Let g : V —>■ V be a morphism of finite and Stale schemes over U. Then, the 
diagram 



(3.16) 



is commutative. 



CHdiV' xuV'\Av' 

{9^9)* 

CH,{VxuV\A, 



CHoiV \ V) 
9* 

CHo{V\V) C 



Proof. 1. Clear from the definition and Proposition 13.2.21 2. 

2. We may assume U, V and V are connected. Then by Corollary 13.1.41 1. the 
right vertical arrow g* in ()3.1(i|l is injective. Hence, we may replace V by its Galois 
closure over U and may assume V —>■ U is a. Galois covering. Let G be the Galois 
group and H (Z G he the subgroup corresponding to V. Then, the images of the both 
compositions are in the if-fixed part of C HoiV \ V) Cg)zQ. Hence, by CoroUarv 13. 1.41 2. 
it suffices to show the diagram 



CHd{V'xuV'\Av' 

(9^9)* 

CHd{VxuV\A, 



CHoiV \ V) 



CHoiV \ V) ®z 



is commutative. This is clear from the definition and Proposition 13.2.^ 2. 



7sm,0 



If the subcategory Cy 
is cofinal in Cv, we can remove 
of this type in the sequel. 



is cofinal in C 



in 1. Further if C 



sm,0 



V, we can remove (X^^v: -l- j- lij- i^h^j- h <-y/ 
in 2. We will omit to state remarks on integrality 



Lemma 3.3.2 Let V U' ^ U be finite etale morphisms of separated and smooth 
schemes of finite type purely of dimension d over a perfect field F. Let n > 1 be an 
integer invertible in F and assume g : U' ^ U is a Z/nZ-torsor over U. 



31 



Then, the restriction 

CH,{V > 
is the 0-map. 



CHdiV XuV\V Xu'V) C CHdiy ^ \ Ay) ' ' > CH^iV \ V) ®^ 



Proof. By enlarging F, we may assume F contains a primitive n-th root of 1. Let 
X '■ Z/nZ — s> F^ be a character of order n. Then the ^'P^-rt Cu of g^:Oi;i is an 
invertible 0{/-module. The muhiphcation defines an isomorphism : Ojj of 



0;7-modules. The Ojy-algebra g^Ou' is isomorphic to 0"=o^ i^^* with the muhiphcation 
defined by iiu. We take a proper scheme X over F containing f/ as a dense open 
subscheme. Replacing X by a blow-up, we may assume Cu is extended to an invertible 
Ox-module C and the map iiu : Z^^" — > O;/ is extended to an injection /x : C^'"- Ox- 
We define a finite fiat scheme (7 : X' ^ X over X by the Ox-algebra ©"Jg' with 
the multiplication defined by /i. By Lemma 11.1.31 the diagonal X' — (X' Xx X')" is 
an open immersion. 

We take a proper scheme Y containing as a dense open subscheme such that the 
map V ^ U' is extended to F ^ X' and an alteration Z — F as in Lemma 13.2.11 
Then, the inverse image oi V Xu V \ V V m. {Z x Z)"" is contained in the inverse 
image of (X' Xx X')~ \ X'. Thus the assertion follows from the definition of the map 

dnm). ■ 

For a separated scheme Y of finite type over F containing V a.s a. dense open 
subscheme, let 



(3.17) 



CH,{Y\V) 



denote the composition of the maps in the upper line of the diagram ()3.12|) . The 



map ( , Ay)i°g : CHa{V x^ \/ \ Ay) -> CH^{Y \ V) 
commutativity of the diagram 

CHd{V XuV\^v] 
(3.18) (,X3)' 

CHdiW XuW\W XyW) 



is characterized by the 



CH^{Y \ V) ®^ 



CHo{Z \ W) 



for an arbitrary commutative diagram ()3.4j) satisfying the conditions ()3.4l l)- ()3.4[ 4). If 
Y is smooth and V is the complement of a divisor with simple normal crossings, the 
map ( , Ay)^°s is given by the map ()3.8|) for Z = Y. 



We give sufficient conditions for the vanishing of the map 
V\Av)^CHo{Y\V) ®z Q. 



Ay)i°g : CH^iVxi 



Lemma 3.3.3 Let 



(Hi 



V 



Y 



u 



X 
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be a Cartesian diagram of separated schemes of finite type over a perfect field F. We 
assume U G X and V G Y are dense open subschemes, U is smooth purely of dimension 
d over F and f : V ^ U is finite and etale. 

Let V <Z V Xjj V be an open and closed subscheme. If the intersection T fl Ay 
of the closure T C Y XxY of T and the diagonal Y C Y XxY is empty, we have 



(r,A 



Y 



I log 



m CHo{Y \ V) 



Proof. By replacing X by a blow-up, we may assume f/ C X is the complement of a 
Cartier divisor. We take a Cartesian diagram 

W Z 



V 



Y 



satisfying the conditions ()H.4I 2) and ()H.4[ 4). We consider the natural map g x g : 
{Z Xx Z)^ — > Y Xx Y induced hj g : Z ^ Y. The closure of {g x g)^^(T) is in 
{gxg)^^(T) and does not meet the log diagonal Az C {gxg)^^(AY) by the assumption. 



Hence we have {{g x g)-{T), Az){z 



{zxzy 



and the assertion follows. 



Corollary 3.3.4 Let the notation be as in Lemma \3. S.^A 

L Iff:Y^X IS etale, the map ( , Ay)'"^ : CHd{yxuV\Av) CHoiY\V)®^Q 
is the 0-map. 

2. Let a be an automorphism of Y over X and o be the restriction on V. Let 
C V Xu V and T„ C Y Xx Y be the graphs. IfY" = To- fl Ay is empty, we have 
(r,, Ay)i°s = m CHo{Y \ V) ®z Q- 



Proof. Clear from Lemma f3. 3. 31 

We show that the image of the map ( , Ay)'°g : CHdiV XuV\ Ay) 
V) ®z Q is supported on the wild ramification locus. 



CHoiY \ 



Proposition 3.3.5 Let 



V 



u 



Y 



X 



be a Cartesian diagram of separated schemes of finite type over a perfect field F. We 
assume X is smooth purely of dimension d over F , U is the complement of a divisor 
B with simple normal crossings, V (lY is a dense open subscheme, and f : V —>■ U is 
finite and etale. 

1. Let V G V G Y be an open normal subscheme. If V' is tamely ramified over 
X, then the map ( , Ay)'°s ; CHd{V XuV\ Ay) ^ CHo{Y \ ®z Q ^s decomposed 
as the composition 



CHd{V XuV\Av)^ CHoiY \ V) 



CHoiY \V) 
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2. Suppose there exists a commutative diagram 



V 



U' 



u 



Y 



X' 



X 



of separated normal schemes of finite type over F , g : U' ^ U is finite etale and 
g : X' X is tamely ramified. Then, the restriction 



CHd{V xuV\Vxu'V)c CHdiV xuV\/\v] 
is the 0-map. 



( ,Ai 



CH^{Y\V) ®z 



Proof. It follows from the characterization of the map ()3.17|) and Lemma 11.1. 81 



3.4 Wild difFerents and log Lefschetz classes 

Definition 3.4.1 Let f : V ^ U be a finite etale morphism of separated and smooth 
schemes of finite type purely of dimension d over a perfect field F . 
1. We call the 0-cycle class 



(3.19) 



D 



v/u 



{VxuV\Av,Ayy°^ECHoiV\V) 



the wild different ofV over U . 

2. Let a he an automorphism ofV over U that is not the identity on any component 
ofV. Let G V Xjj V be the graph of a. Then, we call the 0-cycle class 

(3.20) (r., A^)i°s G CHoiV \ V) ®z Q 

the log Lefschetz class of a. 



If the subcategory C^'° is cofinal in Cy, the wild different Dyjjj and the log Lefschetz 
class (r^, Ay)'°s are defined in CHo{V\V). 

Lemma 3.4.2 For a morphism g : V V' of finite and etale schemes over U , we 
have 



(3.21) 



r)iog 



^v/v ^ y ^v'/u- 



Proof We have 1/ x^/ \ Ay = (V^ x ^ \ Ay) H (^ x g)-\V' XuV'\ Ay). Hence, 
the equalities follow from Lemma [3.3.11 2. ■ 
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Proposition 3.4.3 Let f : V ^ U be a finite and etale morphism of connected sep- 
arated and smooth schemes of finite type purely of dimension d over a perfect field F 
and let o he an automorphism ofV over U . 

If the order of a is not a power of the characteristic p of F, we have 

(r.,A^)'°s = o. 

Proof. Let n be the prime-to-p part of the order e of a. By Lemma 13.3. Il l, we 
may replace U by the quotient V/{a). Then it suffices to apply Lemma f3.3.2l to 
V ^U' = V/{a"') -^U = V/{a). U 
We expect the following holds. 

Conjecture 3.4.4 Let f : V U be a finite and etale morphism of connected sep- 
arated and smooth schemes of finite type purely of dimension d over a perfect field F 
and let a he a non-trivial automorphism ofV over U. 
If j is an integer prime to the order of a, we have 

We will prove Coniecture I3.4.4| assuming dim < 2 in Lemma (3.4. 131 

Lemma 3.4.5 Let the notation be as in Definition \3.4-l\ and let I he a prime number 
invertihle in a perfect field F. 

1. If f : V U is of constant degree [V : U], we have 

(3.22) deg D'°f^ = [V : U]xc{Up, Q,) - Xc(V>, Q,) 

2. Let a be an automorphism ofV over U that is not the identity on any component 
ofV . Then, we have 

(3.23) deg (F., Ay)'"^ = Ti{a* : H:{Vp, Q,)). 
Proof. 1. By Proposition 13.2.4} we have 

deg D'°^^ = TiiiV xu Vy : H:{Vp,Qi)) - "^A^y : K^^f.^i))- 

By Lemma 12231 we have Tr((\/ Xy : /7;(yp,Q^)) = [1/ : f/] ■ Xc^Up^'^i)- Hence 
the assertion follows. 

2. It suffices to apply Proposition l3.2.4| to the graph V„. ■ 

Corollary 3.4.6 ( Lemma 2.5) Let U be a separated scheme of finite type over a 
field F and V U he an etale Tj/riL-torsor. Let o be the automorphism defined by the 
generator 1 G Z/nZ and assume n is not a power of p. Then, we have 

TT{a*:H:{Vp,Qi)) = 0. 
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Proof. We may assume F is perfect. If the assertion holds for the base changes to 
a closed subscheme Z G U and to the complement U \ Z, it holds for U. Hence, by 
induction on dimension, it is reduced to the case where U is smooth. Then it follows 
from Lemma [3.4.51 2 and Proposition 13.4.31 ■ 
In the rest of this subsection, we give some computations of wild differents and log 
Lefschetz classes. 

In the classical case where U is a smooth curve over F, Definition 13.4.11 gives the 
classical invariants of wild ramifications as follows. Let A be a complete discrete 
valuation ring and B be the integral closure of A in a finite separable extension L of 
the fraction field K. Let Cl/k be the ramification index of L over K. Then the wild 
different -D^/^ G N is defined by 

= length^n^/^ - {ei/K - !)• 
For a non-trivial automorphism cr of L over K, we put 

jBia) = length^E/ -l;beB\ {0}^ . 

Lemma 3.4.7 Let U be a smooth connected curve over a perfect field F and f : V ^ U 
be a finite etale morphism over F. Let X be the proper smooth curve containing U as 
a dense open subscheme and f : Y X be the normalization in V . We put B = X\U 
andD = Y\V and identify CHo{V \V) = 0^^^^ Z. 

1. We have 

D'^J^ = [Coker(ffiV(logi?) - Q'y/A^ogD))] = E^oV,/6, . , " t^l" 

y&D ^'^ ^ 

2. Let a be a non-trivial automorphism ofV over U. Then, we have 

y&D,a{y)=y 

Proof. Follows from Proposition 13.4.101 and Lemma 13.4.111 below. ■ 
We compute the wild different assuming a strong form of resolution. Before doing 
it, we recall some general facts on intersection theory and localized Chern classes. 

Let X be a scheme of finite type over F and Z C X be a closed subscheme. Let 
S and be locally free Ox-modules of rank d and / : £^ — JF be an Ox-linear map. 
We assume that / : £^ — >^ JF is an isomorphism on X \ Z. We consider the complex 
K. = [S ^ J-'] oi Ox-modules by putting on degree 0. Then, the localized Chern 
class cf (/C) - 1 is defined as an element of CH*{Z ^ X) in H Chapter 18.1. We 
define an element c(J^ - = {ci{J^ - £)^)i>o of CH*{Z X) by 

(3.24) c(.F-f)f = c(^)n(cf(/C)-l). 

In other words, we put q(JF — = J^f^^'^'^^^^ Cj{£) fl Ci-j^ (/C) for i > 0. The image 
of c(jF — in CH*{X) is the difference c(jF) — c{£) of Chern classes. 
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Lemma 3.4.8 Let X be a scheme of finite type over F and Z C X be a closed sub- 
scheme. Let £ and T be locally free Ox-modules of rank d and f : S ^ J-' be an 
Ox -linear map such that f : S —>■ J-" is an isomorphism on X \ Z . Then, 

1. We have Ci{T - £)f = for i > d. 

2. Let 

> £' > £ > £" > 



/' 







r 







be a commutative diagram of exact sequences of locally free O x -modules . We assume 
that the maps f and f" are isomorphism on X\Z . We assume £' and T' are of rank 
d' and £" and are of rank d" . Then, we have 



(3.25) 



c{T - £)^ = c{r - £')l n ciT") + c{r 



£"M 



n c{£') 



Proof. 1. The localized Chern classes Ci^{J-') and Ci^{£) are defined for i > d in j3] 
§1. Further they are equal to since JF and £ are locally free of rank d. Hence, by 



the distinguished triangle — i>£^— i>/C— we have an equality 



r,.X 



^j=QCj{£) n Ci-j^{IC) as in Proposition 1.1 (iii) loc. cit. Since the right hand side is 
Ci{J-' — £)zi the assertion follows. 

2. We put /C' = [£' JF'] and /C" = [£" JF"] as above. Then, by the assumption, 
we have cj (/C) = E$=icj(/C") n Q.^f (/C') + c^f (/C") for i > (cf. ^ Example 
18.1.3, Proposition 18.1 (b) and fT Proposition 1.1 (iii)). In other words, we have 
cf (/C) - 1 = (cf (/C') - 1) n c(/C") + (cf (/C") - 1). Multiplying c{£) = c{£') n c{£") and 
substituting c{£") n c(/C") = c(J^"), we obtain c{£) n (cf (/C) - 1) = c{£') n (cf (/C') - 
1) n c{y) + c{£') n c(f ") n (cf (/C") - l) and the assertion follows. ■ 



Lemma 3.4.9 Let 



W 



V 



Y 



X 



be a commutative diagram of separated schemes of finite type over F. We assume that 
Y is purely of dimension n and the horizontal arrows V —>■ X and W ^ Y are regular 
closed immersions of codimension d. Let Ny/x and Nw/y be the conormal sheaves. 

Let U be a dense open subscheme of Y . We assume that W Cl U is dense in W 
and that the closed immersion W (1 U ^ V Xx U is an open immersion. We put 
Z = W\{WnU) and Z' = (V XxY)\{W nU). Then, we have the following. 

1. The canonical map g*Nv/x Nw/y is an isomorphism onWnU = W\Z and 
c{g*Nv/x - Nw/yW e CH*{Z W) is defined. 

2. The canonical map Zn-diW) © CL[n~d{Z') CLLn-diV Xx ^) ^-5 an isomor- 
phism. The projection CHn-d{V Xx ^) ^ Zn-d{W) is given by the restriction map 
CH^.diy xx Y) ^ CH^.d{W nu) = z^^aiw n f/) ~ Z^_,{W). 
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3. There exists a unique element [f-V — W] E CHn~d{Z') satisfying [W] + [f'V — 
W] = [fV] in CHn-diy Xx Y)- Further, we have an equality 



in CHn-2d{Z). 

Proof. 1. By the assumption that the closed immersion W (lU ^ V Xx U is an open 
immersion, the canonical map g*Nv/x Nw/y is an isomorphism onW (lU = W\Z. 
Hence c{g*Nv/x - Nw/yW ^ CH*{Z W) is defined. 

2. By the assumption, the canonical maps Zn-diW) © Zn-diZ') Zn-diY Xx ^) 
and Zn-diW) — > CHn-diW) are isomorphisms. Thus the assertion follows. 

3. By the assumption, the restriction of [f'V] to the open subscheme W r\U C 
V XxY is [ly nt/]. Hence, by 2, there exists a unique element [/V-W^] G CHn-d{Z') 
satisfying [W] + [f-V -W] = [f-V]. 

Let p : y ^ F be the blow-up at K F C F and at C Y. Let D = V Y' 
and D' = W Xy Y' he the exceptional divisors. We compute (PF, [/V — W])y using 
p : Y' ^ Y . Let h : D ^ V and h' : D' ^ W he the canonical maps and let A^^i = 
KeY{h*Ny/x Nd/y') and N[ = KeT{h'*Nw/Y ^D'/y) be the excess conormal 
sheaves. The O^-module A^^i and the O/^'-module N[ are locally free of rank d—1. By 
the excess intersection formula, we have fV = p^:(y,Y')x = (— ^ [D] 



and W=p,{W,Y')y = {-lY-^p,Cd-i{N[) n [D']. 

Let i : D' ^ D he the immersion. Since [f'V — W] G CHn-d{Z') is characterized 
by the property that [/V - W] + [W] = [fV] in CH^-diy Xx Y), we obtain 

[fv -w] = i-ir-'p. (cd-iiN,) n i[D] - [D']) + Cd-iiK - riVi)f;, n [d']) 



(3.27) iW,[fV-W])Y 

= p. {cd-i{N[) n [D'] n (cd-iim) n {[D] - [D']) + Cd-i{N[ - riVi)f;, n [D'])) 

in CH,,_2d{Z). 



(3.26) 



(W, [fv - W])y = i-iy-' CdiNw/Y - 9*Nv/x)f n [W] 



in CHn-d{Z). Further by the excess intersection formula, we have 



Since 



[D'] . {[D] - [D']) = {[D] - [D']) . [D'] = c,{No'/Y' 



^*Nn,Y>)^,' n [D% 



the right hand side of ()3.27|) is equal to 



V*[[cd^i{Ni) n ci{Nd'/y' - i*Nn/Y')z'^, + Cd-i{N[ 

Cd-,{K)r^[D']). 



^*N^)^'^,nc^{Nn'/Y'))n 
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By the commutative diagram of exact sequences 











i*Ni 



i*h*N^ 



v/x 



h'*N, 



W/Y 



i*N. 



D/Y' 



Nd'/y' 







and by Lemma f3.4.8l 2. it is further equal to 

P^Cdik'^-Nw/Y - i*h*Nv/x)z^, n Cd-i{N[) n [D']) 
= UNw/Y - g^Nv/x)"^ r\p.{cd-i{N[) n [D']). 

Since (-l)'^"V*(cd-i(iV() n [D']) = [W], the assertion follows. ■ 
Let f : V ^ U he a finite etale morphism of smooth separated schemes of finite 
type over F and F be a separated smooth scheme of finite type containing V as the 
complement of a divisor with simple normal crossings. We put DyJ^y = (V Xu V \ 

Ay, Ay)^"*^ e CHo{Y \ V). Its image in CHo{Y \ V) ® 
r)iog 
^v/u- 



is the same as the image of 



Proposition 3.4.10 Let 



(USD 



V 



u 



Y 



X 



he a Cartesian diagram of separated schemes of finite type over F . We assume X and 

Y smooth purely of dimension d over F , U <Z X and V G Y are the complements of 
divisors B and D with simple normal crossings respectively and f : V U is finite 
and etale. 

Then, the canonical map /*i7^^p(log-B) VtyipilogD) is an isomorphism onV = 

Y \ D and we have 



(3.28) D'^f^y = {-ly-'c, K/^(logD) - f*n],/AlogB))l n [Y]. 

Proof. We consider the commutative diagram 

Y > (Y X r)~ 

(/x/)~ 



/ 



X 



As in jzO] Corollary 4.2.8, the conormal sheaves Nx/(xxx)~ and Ny/{yxY)~ are naturally 
identified with ^^^^(logi?) and ^^^^(logD) respectively. Hence, it is sufficient to 
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apply Lemma r3.4.9l to the diagram by taking V xV G {Y x Y)^ as the open subscheme 

f/ C F in Lemma EXni ■ 
We compute the log Lefschetz class assuming an equivariant resolution. For a closed 
immersion Z —>■ Y, let s{Z/Y) G ^-CHilY) be the Segre class. For a locally free 
Oy-module £, let c(£)* = c{£*) = Ei(-l)'Ci(^) e ^i CW{Y Y) be the bivariant 
Chern class [12] Chapter 17.3 of the dual £* = TCom{S, Oy), loc. cit. Remark 3.2.3 (a). 

Lemma 3.4.11 Let Y be a separated and smooth scheme of finite type purely of di- 
mension d over a perfect field F and V (Z Y be the complement of a divisor D with 
simple normal crossings. Let a be an automorphism ofY over F. We assume that a 
induces an automorphism ofV, a is admissible and that = 0. Then, we have 

(3.29) (r., Ay)J^ = {cin'y/^iiog D)r n s{Y,:jY)Umo 

in Ci7o(Fiog)- I'lT' particular, ifY{^^ is a Cartier divisor D„ ofY, we have 

(3.30) (r^,Ay)^°^ = {c(fi^/^(iogD))*n(i + D^)-inDJdimo 

= {-iY-\c{n\,p{\ogD)) n (1 - D,)-^ n z^Jdimo- 

Proof. Clear from the definition of the intersection product ^2] Proposition 6.1 (a) 
and NY/(jxYr = ^Y/pi^'^S^)- ■ 

Corollary 3.4.12 Let f : V ^ U be a finite and Stale morphism of connected sepa- 
rated and smooth scheme of finite type purely of dimension d over a perfect field F and 
let a be an automorphism ofV over U of order e. Let Y be a smooth separated scheme 
of finite type over F containing V as the complement of a divisor D with simple normal 
crossings. If a is extended to an automorphism of Y over F, the following holds. 

1. If j is an integer prime to e, we have (Fo-, Ay)^^ = (F^-j, Ay)^^ in CIIq(Y \ V) . 

2. If e is not a power of p, we have (F^-, Ay)^^ = m CH^iY \ V). 

Proof. Let g : Y' ^ Y he the blow-up associated to the subdivision by baricenters. 
Since g^ : CHoiY' \ V^) ^ CIIq(Y \ V) is an isomorphism, by replacing Y by Y', we 
may assume that the action of on Y is admissible for each j G Z by Lemma fl. 2. 31 2. 
Then it follows from Lemma 13.4.111 and Corollary 11.2.71 ■ 



Lemma 3.4.13 Conjecture\3.4.4\ "^s true ifdimU < 2 



Proof. It follows from Lemma 13.1.21 and Corollary 13.4.121 ■ 
We consider the case of isolated fixed point. 

Lemma 3.4.14 Let Y be a separated and smooth scheme of finite type purely of di- 
mension d over F, y be a closed point of Y and a be an automorphism of Y over a 
perfect field F. Assume that the underlying set of the fixed part Y" is {?/}. 

Let f : Y' —>■ Y be the blow-up at y and D be the exceptional divisor. Let g : 
{Y' X Y'Y — > {Y' X Y') be the blow-up at D x D. Then the automorphism a' ofY' 
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induced by a is admissible. Let T'^, C {Y' x Y')' denote the proper transform of the 
graph To-' gY' x Y' of a and Ay C {Y' x Y')' be the log diagonal. Then, we have 

(3.31) /,(r;„ AyO(y'xy')' = [Oy^] " iv] 

m CHoiy) = Z. 

Proof. We have [Oy^] = [T^, Ay)yxy- By the projection formula, we have 

{T^,Ay)yxY = f*{,g\f X f)-V„,AY,)(Y>xY>)>- 

Thus it is sufficient to show the equahty 

(^7'(/x/)'r.-n„AyO(y'xy')' = [l/'] 

in CHq{D) for a K(?/)-rational point y' G D. 

We compute g'{f x /)'ro-. Since the irreducible components of (/ x f)~^(T„) = 
r<T Xyxy (Y' X y) are To-' and D x D, we have 

(/ X /)'[r,] = [r^,] + {cin^Y/pYsiD x d/y x y)}^^^^ 

= [K,] + {(1 + D«)-i(i + • D^'^U^,. 

Here D*-^' = D x F and -D'-^-' = F x D. The irreducible components of g^^{Ta-') = 
Tcr' Xy/xy (y X Y'Y are F^, and the inverse image of the diagonal D <Z D x D. 
Hence we have 

g\f X f)\T,] = [r;,] + [Eo] + {(1 + g*D^'^r\l + /Z}(2))-y^(i) . 
Thus we obtain 

= {Ed, AyO(y xy)' + {(1 + ^)"'^'} dim • 

By 

{Ed, Ayi){y'xY')' = {Ed,^d)e = {'^d, ^d)dxd = d[y'], 
{{1 + D)-'D'U^o = {-l Ad - l)D^ = -{d - l)[yl 
the assertion follows. ■ 



4 Swan class and Euler characteristic of a sheaf 

We keep the following notation in this section. Let U he a connected, separated and 
smooth scheme of finite type purely of dimension d over a perfect field F. Let £ be a 
prime number different from the characteristic p of F. 

We consider a smooth F^-sheaf JF on f/ and a finite etale Galois covering f : V —>■ U 
trivializing JF. We define and study the Swan character class in §4.1. Using it, we define 
the Swan classes Swv/u{^) e CHo{V \V)®zQ and Sw(JF) e CHo{U \U)0zQ in 
§4.2. We also prove the formula ()0.3|) in §4.2. In §4.3, we state an integrality conjecture 
(Conjecture 14.3.7}) that is a generalization of the Hasse-Arf theorem (Lemma I4.3.6|) . 
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4.1 Swan character class 



We define the Swan character class for a ramified Galois covering using the map ()0.1|) 
( , A^)'°s : CHd{V XuV\^v)^ CHo(V \ V) ®^ Q. 

Definition 4.1.1 Let f : V U be a finite and etale Galois covering of Galois 
group G of connected separated and smooth schemes of finite type purely of dimension 
d over a perfect field F. For a E G, we define the Swan character class sv/u{(^) ^ 
CHoiV\V) ®zQ by 



(4.1) Sy/[/((T 



Dy/u ^/^ = 1 



If C^'° is cofinal in Cy, the Swan character class syiu^cr) is defined in GHQiV \ V). 
We show basic properties of Swan character classes. 

Lemma 4.1.2 Let the notation be as in Definition \4.1.1\ 
1. We have 



(4.2) Y,^v/u{^) = ^- 



2. If the order of a is not a power of the characteristic of F, we have sy/ui'^) = 0. 

3. Let H G G be a subgroup and g : V U' be the corresponding intermediate 
covering. Then, for a G H , we have 



(4.3) Sy/ui 



Sv/u'{l)+rDp/u if a 



1. 



4- Let N G G be a normal subgroup, and g : V ^ V be the corresponding inter- 
mediate covering. Then, we have 

(4.4) 9*sv'/uia) = sy/uia) 

CTgG,!— >0" 

for a G G/N. 

Proof. 1. Clear from the definition and V Xu V \ Ay = U^^i T^. 

2. Clear from Proposition 13.4.31 

3. For 0" 7^ 1, it is clear from Lemma [3.3.11 1. For a = 1, it is nothing but (j3.2ip . 

4. For a ^ 1, the equality ()4.4j) is clear from Lemma f3. 3. 11 2. For cr = 1, it follows 
from the case cr 7^ 1 and the equahty ()4.2|) . ■ 

Remark 4.1.3 // Conjecture 3. 4. 4 is true, we have sy/ula) = sy/u{o^-') for an integer 
j prime to the order e of a G G. 
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We have the following trace formula. 



Lemma 4.1.4 Let the notation be as in Definition \4.1.1\ Then, we have 
(4.5) deg sy/c/((T) = 



[V : U]xciUF,Qe) - Xc(V^,Q,) if a = 1 
-Tiia* : H:iVp,Qi)) if a ^ I. 



Proof. Clear from the definition and Lemma 13.4.51 ■ 

Corollary 4.1.5 If j is prime to the order of a E G, 

deg sv/ui(^) = deg sy/t/(o-'). 

Proof. It suffices to consider the case a 1. Since j is prime to the order of a, 
Tr((T-'* : H*{VF,Qi)) is a conjugate of Tr(a* : H*{VF,Qi)) over Q. Hence, by the 
equality deg sv/u{<^) = — Tr((T* : H*(yp,Qe)), the degree deg sv/u{o''') is a conjugate 
of deg sv/u{<^) over Q. Since deg sv/u{cr) ^ Q; the assertion follows. ■ 
If y is a separated scheme of finite type containing [/ as a dense open subscheme, 
let sv/u,Y{cr) G CHq{Y \ V") ®z Q denote the image of sv/u{c)- Let f : V ^ U he a. 
finite etale Galois covering of separated smooth schemes of finite type over F. Let G be 
the Galois group. Let X be a normal scheme containing ?7 as a dense open subscheme 
and Y be the normalization of X in V. For a geometric point y of Y \ V, let ly <Z G 
be the inertia group at y. For a geometric point x of X \ f/, let C G be the inertia 
group ly at a geometric point y oiY \ V lifting x, that is defined modulo conjugate. 

Lemma 4.1.6 Let f : V ^ U he a finite etale Galois covering of Galois group G of 
connected, separated smooth schemes of finite type purely of dimension d over a perfect 
field F. Let X be a separated normal scheme of finite type containing U as a dense 
open subscheme and let Y be the normalization of X in V . 

Let a E G be a non-trivial element and p be the characteristic of F. Assume that 
a is not in any conjugate of any p-Sylow group of the inertia subgroup I^ <Z G for any 
geometric point x of X \ U. 

Then, we have sy/uxi^) ~ ^■ 

Proof. If the order of cr is not a power of p, it follows from Lemma 14.1.21 2. Thus, it 
suffices to show sy/uxi^) ~ assuming a is not in any conjugate of the I^ G G for 
any geometric point x of X \ U. The assumption means that the a-fixed part is 
empty. Hence, the assertion follows from Corollarv 13.3.41 2. ■ 
For an isolated fixed point, the following is a special case of a conjecture of Serre. 

Conjecture 4.1.7 (Serre |2H1 (1) p. 418) Let Y be a separated smooth scheme over a 
perfect field F purely of dimension d and y be a closed point ofY. Let G be a finite 
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group of automorphisms of Y over F such that, for a ^ 1, the underlying set of the 
fixed part is {y}. Then, the function og '■ G ^ Z defined by 



is a character of the group G. 

Serre conjectures more precisely that the character oq is rational over for all 
i p in loc. cit. (2). Conjecture 14.1.71 is proved in jTH] assuming dimF = 2. In 
Corollarv l5.1.71 3. we give a new proof by deducing it from a generalization, Conjecture 
14.3.71 1. assuming dimF = 2. 

We compare adcr) with the Swan character class sy/uxi'^)- 

Lemma 4.1.8 Let Y and G be as in Conjecture We assume the quotient f : 

Y X = Y /G exists. Let x = f{y) be the image of y. Then, the map f : V = 

Y \ {y} — > f/ = X \ {x} is finite Stale and V is a Galois covering of Galois group G. 
Further, for a E G, we have 



in CHo{y) = Z. 

Proof. We keep the notation in the proof of Lemma r3.4.14l Then the natural map X' = 
Y'/G ^ X is an isomorphism on the complement U = X\{x} and f/ is a complement 
of a Cartier divisor of X'. Hence the map ( , Ay)'°s : GHdiVxuV\Av) GHo{y) = Z 
is induced by the intersection product ( , Ay'){y'xY')' and the assertion is clear from 
Lemma EXH ■ 

4.2 Swan class and Euler characteristic of a sheaf 

We define the Swan class of an F^-sheaf J-" as a 0-cycle class on the boundary of a 
covering trivializing J^. For a finite group G and a prime number p, let C G be 
the set of elements of order a power of p. If p = 0, we put G'(p) = 0. For a representation 
M of G and a E G, let M'^ denote the fixed part {m G M\a{m) = m}. 

Definition 4.2.1 Let U be a smooth connected scheme of dimension d over a perfect 
field F of characteristic p and J-" be a smooth Fi-sheaf on U . Let f : V ^ U be a finite 
etale Galois covering of Galois group G trivializing T . Let M be the ¥ i-representation 
of G corresponding to T . 

Then, we define the Swan class Swy/{/(jF) g GHQiV \ l^) ®z Q by 



(4.6) 




tfa^l 
ifa = l 




ifa^l 
ifa=l 



(4.7) 



dimp, M^'/AF' 
p — 1 



) 



■ sv/u{(^)- 
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Recall that we have sv/u{o') = if the order of a is not a power of p by Lemma 
I4.1.2I 2. Thus we take the sum over a G G'(p). If p = 0, we have Swv//[/(jF) = 0. 

We define a variant of the Swan class expected to be the same as that defined above. 
For an F^-automorphism a of an F^-vector space M of dimension m, the Brauer trace 
Tr^'^(cT : M) e Z[Coo] C is defined as follows. Let am be the eigenvalues of 

a counted with multiplicities and let ai, . . . , am G ^[Coo] C be the roots of unity of 
order prime to i lifting ai, . . . , am- Then, we define Tr^'^{a : M) = Yl^i ^i- If is an 
automorphism of order p'^ of M, one can easily verify the equality 

(4.8) mfZY\ ■ (dim,, M- - ^^"'"^ ^^7M- ^ y ^^Br^^^.^^y 

ie(z/p<=z)x 

Definition 4.2.2 Let the notation he as in Definition \4.2.1\ Then, we define the naive 
Swan class Swy/^(JF) g CHq{V \ V) ®i Q(Cp°°) by 

(4.9) Sw'^/^(.F) = 'y/u^^) ® Tr^''(^ • 

o-eG(p) 

Lemma 4.2.3 Let the notation be as in Definition \^.2.1\ 

1. We have 

(4.10) deg Swy/t;(^) = deg Sw'^/^(^). 

2. If Conjecture 3.4-4 holds, we have 

(4.11) Swy/t;(^) = Sw'^/^(^). 

Proof. 1. It follows from the equality ()4.8|) for an element a G G of order p'^ and 
Corollary 14.1.51 

2. It follows from the equality ()4.8j) for an element a G G of order p'^. ■ 

Lemma 4.2.4 Let f : V ^ U be a finite and etale Galois covering of connected 
separated and smooth schemes of finite type purely of dimension d over a perfect field 
F of Galois group G. Let I he a prime number different form p = char F. 

1. Let ^ JF' ^ JF ^ JF" ^ be a short exact sequence of smooth Fi-sheaves on 
U trivialized on V . Then, we have 

(4.12) Swy/t/(.F) = Swv/uiJ") + Swv/uiJ"')- 

2. Let N G G be a normal subgroup and g : V ^ V be the corresponding inter- 
mediate covering. Let be a smooth ¥i-sheaf on U trivialized on V . Then, we have 

(4.13) Swv/u{:F)=g*Swv'/u{:F). 
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Proof. 1. Clear from the definition. 

2. It is clear from Lemma f4.1.2[ 4. ■ 

Corollary 4.2.5 Let U be a separated smooth scheme of finite type over F. Let T he 
a smooth ¥i-sheaf on U . Let f : V ^ U be a finite etale Galois covering of Galois 
group G trivializing T . 

1. Then, 

l^/*Swv/[/(.F) e CHo{U\U) ®z Q 

is independent of the choice ofV. 

2. We have ^ 

Swv/ui^) = |^/*/*Swv/c7(J^). 

Proof. 1. Clear from Lemma f4.2.4[ 2 and Corollary 13. 1.41 2. 

2. The Swan class Swy/ui^) is invariant by the Galois group G. Hence it follows 
from Corollary 13. 1.41 2. ■ 
Thus, we define the Swan class Sw(jF) in CHq{U \ t/) ®z Q as follows. 

Definition 4.2.6 Let U he a separated smooth scheme of finite type over F . Let T he 
a smooth Fi-sheaf on U . 

We define the Swan class Sw(jF) E C Hq{U \ U) 0^ Q hy 



(4.14) Sw(.F) = — /*Sw,./^(.F) 



1 

\G\' 



that is independent of a finite etale Galois covering V ^ U trivializing T by Corollary 



Similarly, we define the naive Swan class by 
(4.15) Sw'(.F) = ^/,SwV/^(.F) 

We also define the Swan class for a smooth Q^-sheaf. 

Lemma 4.2.7 Let i be a prime number invertible in F. Assume U is connected. Let 
be a smooth Qi-sheaf on U. Then the class Sw(.7-o F^) G CHq(U \ f/) ®z Q is 
indepenent of the choice of a smooth Tj^- sheaf To on U satisfying T = Q^. 

Proof. Clear from Lemma f4. 2. 41 1. ■ 

Definition 4.2.8 Let i be a prime number invertible in F. Assume U is connected. 
For a smooth Qi- sheaf T on U, we define the Swan class Sw(jF) e CHq{U \ U) 0zQ 
to be the class Swy/uiTo F^) in Lemma 4-2. 7 that is independent of Tq. 
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We prove the formula ()0.3|) for the Euler characteristic. For a smooth Q^-sheaf T 
on f/, we put 

2d 

Xc{Up,:F) = 5^(-irdim^,i7,^(\/^,^). 
We define Xc{Up, JF) similarly for a smooth F^-sheaf on U. 

Theorem 4.2.9 Let U be a connected separated smooth scheme of dimension d of finite 
type over F. Let i be a prime number invertible in F . Let T be a smooth Fi-sheaf or 
a smooth Qi-sheaf on U . Then, we have 

(O Xc{Uf, :F) = rank ■ Xc{Up, Q,) - deg Sw(.F). 

Proof. It is sufficient to show the case where is a smooth F^-sheaf on U. Let the 
notation be as in Definition 14.2.11 Let G^.reg be the subset of G consisting of elements 
of order prime to i. By Lemma 2.3 we have 

Xc{Up,T) = -^ J2 Tr(a*:i7:(F^,Q,))-Tr^'-(a:M). 

By Corollarv 13.4.61 we may replace Ge-veg in the summation by G'(p). Thus by Lemma 
14.1.41 we have 

Xc{Up,J^) = rank JF . Xc{UF,Qe) - deg Sw'(JF) 

where Sw'(.F) is the naive Swan class. By Lemma 14.2.31 1. we have deg Sw(jF) = 
deg Sw'(.F) and the assertion follows. ■ 

4.3 Properties of Swan classes 

We keep the notation that U denotes a connected smooth scheme purely of dimension 
d over a perfect field F and £ is a prime number different from the characteristic of F. 
We define the wild discriminant and show the induction formula for Swan classes. 

Definition 4.3.1 Let f : V ^ U be a finite etale morphism of connected, separated 
and smooth scheme of finite type purely of dimension d over F. Then we define the 
wild discriminant dyj^ G CHq{U \ U) ®% QofV over U by 

(4.16) = f^D'^f^. 

Lemma 4.3.2 Let V ^ U' ^ U be finite etale morphism of separated and smooth 
schemes of finite type purely of dimension d over F . Assume V ^ U' is of constant 
degree \y : U'] and let h : U' ^ U denote the map. Then, we have 

(4.17) S^^^=[V:U']-S^f,^ + hJ^^^,. 
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Proof. Clear from Lemma f3.4.2[ ■ 

Proposition 4.3.3 Let f : V U be a finite and etale Galois covering of connected 
separated schemes of of dimension d of finite type over F . Let G be the Galois group 
and let h : U' ^ U be the intermediate covering corresponding to a subgroup H G G. 

Let J-" be a smooth Fi-sheaf on U' . Assume that the pull-back g*T by the map 
g : V U' is constant. Then, if T G G is a complete set of representatives ofG/H, 
we have 

(4.18) ^Wy/u{KT) = J2 r*{Swv/u'{J') + rank ■ g*D'°f/^). 

In particular, we have 

Swv/u{K¥,)=J2'r*g*Dp^^. 

Proof. As in Definition I4.2.H let p be the characteristic of F and G'(p) C G be the 
subset consisting of elements of order a power of p. Let M be the F^-representation of 
H corresponding to JF. For a G G, we have 

J- /T .Gn.^a dimM<""""')n^^ 
dim(IndgM)'' = 



Thus, we have 



d,m„(hdgM)" - d'm.,(IndgM)-7(IndgM)- 

P — 1 

V dimj-.M^"^ / . 

_i p - 1 

Hence, the Swan class 

Sw.,„(/,.^)^ J: (d.n.„(IndgM)- - d.■n,.(IndgMr/(IndgM)^ 
is equal to 



sv/u[(^) 



2^ 1^ (dimp.M — ^ 

v^/,. ..a' dimp, M'^'7M'^\ , 1 , ^ 

J2 J^ldimp^M'^ ) ■ sv/u{r-'a'r) 



sv/u[(^) 



* / dimp M'^'VM'"', , 
J^r* \ J2 (diniF.M'^ ) ■ sv/u(cj" 
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By Lemma [4. 1.21 3. the content of the big paranthese is equal to 

E (dim., M^' - di^^.^^VM-- ^ _ _^ ^.^^ _ ^.^jo,^ 

= (J") + rank T ■ g*D^°f^^. 

Thus the assertion follows. ■ 

Corollary 4.3.4 Let h : U' ^ U be a finite and etale morphism of connected separated 
schemes of of dimension d finite type over F. Let be a smooth ¥i-sheaf on U' . 
Then, we have 

(4.19) Sw{KJ^) = h,Sw{J^) + rank ■ d^°f^^. 
In particular, we have 

Sw{h^¥e) = d^^f/jj. 

Proof. Clear from Proposition 14.3.31 ■ 
We study the integrality of Swan classes. For a finite group G, let Cp{G) denote the 
set of cyclic subgroups C C G of order a power of p. For a cyclic subgroup C G Cp{G), 
we put G^ = (a^) G Gp{G) for a generator a of C and G^ = {generator of G}. Further, 
for an F^-representation M of G, we put M'~'' = {m G M\a{m) = m for all cr G C}. It 

is clear that the product (dimp, — /^^ ^ . \C^ \ is an integer. 

Definition 4.3.5 Let U be a smooth connected scheme of dimension d over a perfect 
field F andj-' be a smooth ¥e-sheaf on U . Let f : V ^ U be a finite etale Galois covering 
of Galois group G trivializing T . Let M be the ¥ i-representation of G corresponding to 
T . We assume that C^'° is cofinal in Cy and that Conjectures \3.4-4\ holds for a E G. 
Then, we define the integral Swan class Swv/u{^)z ^ GHq{V \ V) by 

(4.20) Swv/uiJ'h= Yl (dimip, - ^^""^^ ^''7M^ \ . , . ,^^^(^^)^ 

where ac denotes an arbitrary generator of G E Gp{G). 

The assumptions that C^'" is cofinal in Cy and that Conjectures 13.4.41 holds for 
a E G are satisfied if dimU < 2. 

We recall the classical theorem of Hasse-Arf for curves. 

Lemma 4.3.6 Let U be a smooth connected curve over a perfect field F and be a 
smooth ¥i-sheaf on U trivialized by a finite etale Galois covering f : V ^ U of Galois 
group G. Let X be the proper smooth curve containing U as a dense open subscheme 
and f : Y —>■ X be the normalization in V. We identify GHq{X \ U) = GHq{U \ U) 
and GHq{Y \V) = GHo{V \ V) . 

Then, the integral Swan class Swy/u{J^)z E GHq(Y \ V") = 0ygy\v'^ ' M "^^ 
image of the injection f* : GHo{X \U) ^ GHo{Y \ V). 
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Proof. Since Coniecture 13.4.41 holds in dimension 1, the Swan class Swy/ui^) is equal 
to the naive Swan class Swy/^(JF) by Lemma [4.2.31 2. For ?/ G F \ V", let /^^ C G be 
the inertia group at y. Let M be the corresponding F^-representation of G. Then, by 
Lemma f3 . 4 . 71 and 29], the Swan conductor 

Sw,(^) = rn E Sv/u,y{^)TT'''{cr : M) 

is in N. For x E X \ U, Swj^(jF) is independent of the inverse image y of x. We put 
Sw^(J^) = Swj,(^) hi X e X\U and Sw(^) = Exex\c/ Sw^(^) ■ [x] G CHoiX \ U). 
Then, we have 

Sw'v-/^(^) = l4lSw,(^) ■ [y] = r Yl Sw.(^) ■ [x] = fSw(^) 

yeY\V xeX\U 

and the assertion is proved. ■ 
We expect that Lemma (4.3.61 holds in higher dimension. 

Conjecture 4.3.7 Let U be a smooth connected scheme of dimension d over a perfect 
field F and J-" be a smooth Fg-sheaf on U . 

1. The Swan class Sw(jF) G CHq{U \ U) ®i Q is in the image of CHq{U \ U). 

2. Let f : V U be a finite etale Galois covering trivializing T . Assume thatC^'^ 
is cofinal in Cy and that Conjecture ]!^. 4-4\ holds as in Definition \4.cl.5\ 

Then, the integral Swan class Swv/u{^)z G GHo{V \ V) is in the image of f* : 
GHo(U\U)^GHoiV\V). 

Conjecture 14.3.71 1 is equivalent to the assertion that the Swan class Swv/u{^) £ 
GHo{V \V)®zQ is in the image of /* : GHo{U \U) ^ GHo{V \V)0zQ for a finite 
etale Galois covering f : V U trivializing JF, by Corollarv 14.2.51 2. 

By Lemma [4. 3. 61 Coniecture 14. 3. 71 is true if dimf/ = 1. We prove Coniecture 14.3.71 1 
assuming dimf/ < 2 in Corollarv 15. 1.71 1. Conjecture I4.3.7l l is reduced to the rank 1 
case by the induction formula as follows. 

Lemma 4.3.8 Let f : V U be a finite etale Galois covering of Galois group G. We 
assume that C^7'° is cofinal in Cu' for every intermediate covering V U' ^ U . We 
also assume that Sw Q G GHq{U' \ U') ®z Q is in the image of CHo{U' \ U') for every 
smooth ¥e-sheaf of rank 1 on an intermediate covering U' trivialized on V . 

Then, for every smooth ¥ e- sheaf J-' on U trivialized on V, the Swan class Sw J-" G 
CHo(U \U)0zQ IS m the image of GHq{U \ U) 

Proof. By Brauer's theorem we may assume T = h^Q where h : U' ^ U is aji 
intermediate covering and ^ is a smooth F^-sheaf of rank 1 on U' . Since C^'° is assumed 
cofinal in Cjy/, the wild different -D|^f/(/ is defined in GHq{U'\U') by Proposition 13.4.101 
Hence, the wild discriminant d^^fju is in the image of C Hq{U \ U) . Thus it follows from 
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the assumption that Sw Q is in the image of C Hq{U' \ U') and the induction formula 
Corollary lO^ ■ 
If X is a separated scheme of finite type containing [/ as a dense open subscheme, let 
Swx(^) e C Hq{X\U) denote the image of Sw(JF). Similarly, if F is a separated 
scheme of finite type containing \^ as a dense open subscheme, let Swv/c/,y(J^) G 
CHq{Y \ V) ®z Q denote the image of Swy/;7(jF). 

Lemma 4.3.9 Conjecture implies Conjecture \4-l-'T\ 

Proof. Let the notation be as in Conjecture 14.1.71 Since |G|aG is a character of G by 
Proposition 7, it is sufficient to show that the Artin conductor 



(4.21) aciM) = ^ E ^G{cy)Tv{a : M) 

defined in Q is in Z for every Q^-representation M of G. We may assume Y is affine and 
the quotient X = Y/G exists. Let x G X be the image of y and JF be the smooth sheaf 
on f/ = X \ {x} corresponding to the representation M. Then, by Corollary 14 . 1 . 81 and 
Corollary l!?XT^ 2. we have aci^M) = Swx ( J^) + dim M - dim in CHo{x)®zQ = Q. 
Thus the assertion is proved. ■ 
We give a refinement of Theoreme 2.1 of |15j . 

Lemma 4.3.10 Let the notation be as in Lemma \4.1.b\ Let p be the characteristic 
of a perfect field F. Let T\ and T2 be smooth Fi-sheaves on U corresponding to F^- 
representations Mi and M2 ofG. Assume thatX is normal and that, for each geometric 
point X of X \ U, the restrictions of Mi and M2 to a p-Sylow subgroup of the inertia 
subgroup are isomorphic to each other. 
Then, we have 

Swy/t/_y(jFi) = Swy/c7^y(jF2) 

Proof. Clear from Lemma 14.1.61 and Definition 14.2.11 ■ 
If the base field is finite, we expect to have the following refinement of Theorem 

I031 

Conjecture 4.3.11 Let U be a connected separated smooth scheme of dimension d of 
finite type over a finite field F . Let X be a proper normal scheme over F containing U 
as a dense open subscheme. Let Fvp G Gal(F/F) be the geometric Frobenius and let 
Px '■ CHq{X) —>■ 7Ti{Xy'^^ be the reciprocity map sending [x] to the geometric Frobenius 
Fvrc for closed points x G X. 

Let i be a prime number invertible in F. Let J-" be a smooth ¥f -sheaf or a smooth 
Qi-sheaf on U . We assume Conjecture holds and Swx(^) G CHq{X \ U) is 

defined. 

Let Q be a smooth Fi-sheaf or Qi-sheaf on X and let detQ : 7Ti{XY^ ¥^ or 
7ri(X)^'^ be the character corresponding to the smooth sheaf detQ of rank 1. We 

put det{-Frp : H^iUp^J')) = Uli^deti-Frp : H^,{Up, J')y-'^\ 
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Then, we have 



deti-Frp : HHUp^J'^Q)) = det{~FrF : H*{Uf,J^)Y^'''' ^ " det 6;(/)x(Swx(^))). 



If dim[/ = 1, Coniecture 14.3.111 is a consequence of the product formula for the 
constant term of the functional equation of L-functions jH], [221 • 

5 Computations of Swan classes 

We compare the Swan classes Sw(J-') of sheaves of rank 1 with an invariant defined 
in JH] in §5.1. Using the computation, we prove the integrality conjecture Conjecture 
14.3.71 1 assuming dimt/ < 2. We also compare the formula (jU.3p with Laumon's formula 
in 121]. 

We keep the notation that U denotes a connected smooth scheme purely of dimen- 
sion d over a perfect field F and £ is a prime number different from the characteristic 
p of F. 

5.1 Rank 1 case 

Let X be a smooth separated scheme of finite type purely of dimension d over F and 
U <Z X he the complement of a divisor D with simple normal crossings. Let £ be a 
prime number invertible in F. We identify /ip(F^) = 'L/pZ,. 

Let JF be a smooth F^-sheaf of rank 1 on U . We briefly recall the definition of 
the 0-cycle class cjr in jTHj. Let Di, . . . , Dm be the irreducible components of D. Let 
X G H^{U,¥^) be the element corresponding to JF. In loc. cit., the Swan divisor 

= Xli^i swj(x)Dj > is defined. Also the refined Swan character map 



is defined for each irreducible component Di such that swj(x) > 0. 

We put E = X]rswi(x)>o Di d D. If / : y — X is the normalization in the cyclic 
etale covering f : V ^ U corresponding to Xi the closed subscheme E d X the 
wild ramification locus of the covering Y ^ X. The sheaf JF is said to be clean with 
respect to X if the map rswj(x) : 0{—D^\j:,- Q^^^pilogD)]^^ is a locally splitting 
injection for each component Di of E. If JF is clean with respect to X, the 0-cycle class 
cjr = E CHq{E) is defined by 



n\/^{\ogD)\n^ 



(5.1) 



■X 



{c{n],/p{\ogD)y n (1 + Dj-i n DJdimo 



m 



(_l)^-i^sw,(x)Q-i(Coker(rsw,(x))) n [A]- 



i=l 



If one want to specify X, we write Cjr x for cjr. 
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Conjecture 5.1.1 Let X be a separated scheme of finite type over a perfect field F 
and U <Z X be a dense open subscheme of X . Assume U is connected and smooth 
purely of dimension d over F . Let i be a prime number invertible in F and J-" be a 
smooth Fi-sheaf of rank 1 on U. 

1. Let 

V Y 
U X 

be a Cartesian diagram of smooth separated schemes of finite type over F. We assume 
U G X and V G Y are the complement of divisors with simple normal crossings, 
f : V ^ U IS a connected finite Stale Galois covering of Galois group G and T is 
constant on V. If J-" is clean with respect to X, we have 

(5.2) Swv/f/,y(^) = rcr,x 

m CHoiExxY) ^^Q. 

2. There exists a Gartesian diagram 

U X' 

I 

U X 

satisfying the following conditions: the map f : X' —>■ X is proper, X' is smooth over 
F , U is the complement of a divisor with simple normal crossings in X' and T is clean 
with respect to X' . 



Coni ect ur e 15 ■ 1 ■ 11 2 is proved if dim?7 < 2 in ^Hl Theorem 4.1. We prove Conjecture 
15.1.11 1 assuming dim U <2 later in Theorem 15.1.51 

Lemma 5.1.2 Goniecture \5 . 1 . 1\ implies Conjecture \4-'J-'T\ l- 

Proof. Note that Coni ect ure 15 . 1 . 11 2 is stronger than the strong resolution of singulari- 
ties. Hence the assertion follows from Lemma f4. 3. 81 ■ 
We prove Conjecture 15.1.11 1 in some cases. We say JF is s-clean with respect to X 
if it is clean and further if the composition 

is either an isomorphism or the 0-map for each component of E, depending on D^. 
We recall results in ^32j. 
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Lemma 5.1.3 (j221 Lemmas 1 and 2) Let p > be the characteristic of F and e > 1 
be an integer. Let X be a separated and smooth scheme of finite type over F, U be 
the complement of a divisor with simple normal crossings. Let f : V ^ U be a finite 
etale connected cyclic covering of degree p^ and let fi : Ui U be the intermediate 
covering of degree p. Let T and Q be the smooth F^-sheaves of rank 1 corresponding to 
characters x,^ '■ Ga.\{V/U) ¥^ of degree p^ and p respectively. We assume that the 
sheaf Q is s-clean with respect to X . Let E (Z X be the union of irreducible components 
of X \ U where T has wild ramification. 
Then, there exists a Cartesian diagram 



u 



X 



of smooth separated scheme of finite type satisfying the following condition: 



|5.1.3j The map fi:Yi—>-Xis proper and Ui cYi is the complement of a divisor with 
simple normal crossings. If a is a generator of Ga\{Ui/U) , the action of a on Ui 
is extended to an admissible action on Yi over X and we have 



(5.3) 



-ficg 



in CHq{Yi Xx E). Further if J-" is clean with respect to X and if J-'i = is 
clean with respect to Yi, we have 



(5.4) 



flc^ = C^i 



Proposition 5.1.4 Let the notation be as in Conjecture \5.1.1\ L Let x : G ^ be 

the character corresponding to T . Let n be the order of x O'l^'d e = ordpn be the p-adic 
valuation. For < i < e, let Ui be the intermediate etale covering corresponding to the 
subgroup Gi C G of index . 

We assume that the diagram ()3.5p is inserted in a Cartesian diagram 
(5.5) 

V Ue > ■ ■ ■ > f/.+i > U, Ui > ■ ■ ■ Uo=U 



9i + l T^r fi + 1 ^ gi fi 

^ Yi+i ^ Xi > Yi > 



go 



Fn=X 



satisfying the following conditions ()5.51 1)- ()5.5I 3).- 

()5.5[ 1) For < i < e, Xi and Yi are separated and smooth over F and contain Ui 
as the complement of divisors with simple normal crossings. The pull-back Ti = T\ui 
is clean with respect to Xi and to Yi and we have gi{cj^i,Yi) ~ '^Ti,Xi- 
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()5.5[ 2) For < i < e, the smooth ¥i-sheaf Qi on Ui corresponding to a non-trivial 
character Gal(f/(+i/f/j) — > is s-clean with respect to Xi and /j+i : Fj+i Xj 
satisfies the condition |5.1.3j in Lemma \5.1.^ 

(j5.51 3) The actions of G on Ui, . . . ,Ue and on V are extended to admissible actions 
on Xi, . . . , Xf. and on Y . 
Then, we have 

(El Swv/uxi^h = rcT,x 

m CHoiE XxY). 

Proof. First, we reduce it to the case where n = p'^. We decompose G = Gal{V/U) = 
Ga\{Ue/U) X Gal{U'/U) to the p-part Gal{UjU) and the non-p-part Gal{U'/U). Let x' 
be the restriction to the p-part Gal{Ue/U) and let J-"' be the corresponding sheaf on U. 
By the definition in JH]; we have cj^ = cjc-;. By Lemma [4.1 .21 2 . we have Swv/u,y{^)z = 
^'^v/u,Yi^')z- By Lemma 10312, we have Swy/uxi^')^ = h*Swv^/u,xA^')z- Thus 
the assertion is reduced to the case where n is a power of p. 

We assume n = p^ and prove the assertion by induction on e. We prove the case n = 
p. By the condition ()5.5[ 3) and Corollarv 13 .4 . 1 21 1 . we have Swv/u,y{^)z = —p- sv/u{o') 
for a generator a of Gal{V/U). Hence the assertion follows from the equality ()5.3|) in 
Lemma 15.1.31 and the assumption glcjry^ = Cjtxq ()5.5I 1) in the case n = p. 

We assume e > 2. By the induction hypothesis, we may assume Swy/Uixi-^'^)^ ~ 
g*cjr^ where g : Y Yi denotes the composition. By the equality (|5.4|) in Lemma 
15.1.31 and the assumption glcj^y^ = cj^x^ ()5.5I 1). we have f*cjr = g*cjr^ + g*D^^^^jj in 
CHo{Y \ V). By the condition (jS3l3), Corollary EHHl and Lemma|lIIIl3, we have 
Swy/(7,y(^)z = S'^v/Ui,y{^i)z + 9*D^Ui/u- Thus the assertion is proved. ■ 

Theorem 5.1.5 Conjecture \5.1.1\ 1 is true if dim U < 2. More precisely, we have 
m CHoiExxY). 

Proof. Without loss of generality, we may assume X and Y are proper over F, since 
the strong resolution is known in dimension < 2. If dimf/ = 1, we obtain a dia- 
gram ()5.5|) satisfying the conditions ()5.5l lV ()5.5[ 3) in Proposition 15.1.41 bv taking the 
normalizations Xi = Yi of X in Ui and the assertion follows. 

To prove the case dimf/ = 2, first we recall some results from |THj. 

Lemma 5.1.6 Let X and X' he smooth surfaces of finite type over F containing U 
as the complement of divisors with simple normal crossings and g : X' ^ X be a 
morphism over F inducing the identity on U . Let T be a smooth W^-sheaf of rank 1 on 
U clean with respect to X . 

1. The sheaf is also clean with respect to X' and we have g*cr,x = cj^,x'- 

2. Assume T corresponds to a character of order p. Then T is s-clean with respect 
to the complement of at most finitely many closed points of X \ U. If g : X' X is 
the blow-up at the points where T is not s-clean, then T is s-clean with respect to X'. 
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Proof. 1. It is sufficient to consider the case where g : X' X is the blow-up at 
a closed point of the complement of U. Then, JF is clean with respect to X' by [IH] 
Remark 4.13. Further, we have Cjf x = g*cj^,x' by JH] Theorem 5.2. Hence by Lemma 
13.1.51 we have g*cjr x = c^,x'- 

2. The ffist assertion is clear from the definition of s-cleanness. We show the second 
assertion. We may assume is s-clean with respect to X \ {x} where x & X \ U is a 
closed point. Then, the characterization given in JH| (3-6) shows that is defined by 
an Artin-Schreier equation — T = s/t^ where {s,t) is a local coordinate at x and 
n is prime to p = char F, on an etale neighborhood of x. (In p. 773, h = gf in 
line 7 should read h = g~^f and 7ri<j<j,7rj in line 12 should read ni<i<r^«-) Then the 
assertion is easily checked. ■ 

We go back to the proof of Theorem 15. 1.51 in the case dimf/ = 2. By Lemma f3. 1.51 
we may replace F by a successive blow-up Y' ^ Y a.t closed points in the complement 
of V. By Lemma 15.1.61 we may also replace X by a successive blow-up X' —>■ X ai 
closed points in the complement of U. By Proposition 15 . 1 . 41 it is sufficient to construct 
a diagram (j5.5j) satisfying the conditions (j5.51 1)- (|5.51 3) after possibly replacing X and 

Y by successive blow-ups at closed points in the complements. 

For < i < e, there exist a proper smooth surface X- containing Ui as the com- 
plement of a divisor with simple normal crossing such that JFj and Qi are clean with 
respect to X- and that the map Ui ^ U is extended to a map X- — >• X for < i < e, 
by ^H] Theorem 4.1. By Lemma [3. 1.21 there exist a proper smooth surface Y' contain- 
ing V as the complement of a divisor with simple normal crossing such that the maps 

V Ui are extended to maps Y' —>■ X[ and that the action of G on ^ is extended to 
an admissible action on Y' over X. 

We define a diagram (j5.5j) satisfying the conditions (j5.51 1)- (j5.51 3) in Proposition 
15 . 1 .41 inductivelv after possibly replacing X and F by a successive blow-up. Applying 
Lemma [3.1.21 to the quotient Y' /G., we obtain a proper smooth surface Yq containing 
Uq as the complement of a divisor with simple normal crossing with a map Yq Y' / G 
extending the identity of U . Since the identity oi U = Uq is extended to a map 
Y' /G Xq, the identity of Uq is extended to a map Yq — * Xq. By replacing X by Yq, 
we put X = Yq. 

We define Yi+i and Xj inductively by assuming that Yi is already defined and that 
the identity of Ui is extended to a map Yi —>■ X[. Applying Lemma 13.1.21 to F,, we 
obtain a proper smooth scheme Yf that contains Ui as the complement of a divisor with 
simple normal crossings and that the action of G on Ui is extended to an admissible 
action on F/ over X. Since F/ dominates X^', the sheaves jFj and Qi are clean with 
respect to F/, by Lemma 15. 1.61 1. Let Xj YI be the blowing-up at the closed points 
where Qi are not s-clean and cji : Xi ^ Yi be the composition. Then the sheaf Qi is 
s-clean with respect to Xj by Lemma [5.1.61 2. Further J-'i is clean with respect to Xj 
and the condition g*cjr. Yi = Cjr. x^ is satisfied by Lemma 15.1.61 1. Applying Lemma 
15.1.31 we obtain Fj+i — >• Xj. 

By the construction, we see that Fj+i dominates X[j^^. Repeating this construction 
inductively, we obtain a diagram ()5.5p except the map /i : F — > Xg. We define F" by 
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applying the construction in Lemma (3. 1.21 to the normahzation of in V. Then the 

action of G on \^ is extended to an admissible action on Y" over X. Replacing Y by 
Y", we obtain a diagram ()5.5p satisfying the conditions ()5.5l lV fl5.5l 3) in Proposition 

15.1.41 Thus the assertion is proved. ■ 

Corollary 5.1.7 1. Conjecture is true if dim U < 2. 

2. ( 19j) Conjecture \4.1.7\ is true if dim Y < 2. 

Proof. Clear from Lemmas 15.1.21 and 14.3.91 respectively. ■ 



5.2 Comparison with Laumon's formula 

In Laumon proves a generalization of the Grothendieck-Ogg-Shafarevich formula 
for surfaces under the assumption (NF) below on ramification. We compare the formula 
()U.3|) with Laumon's formula in PT] . 

For simplicity, we assume F is an algebraically closed field. Let X be a proper 
normal connected surface over F and U he a smooth dense open subscheme. Let JF be 
a smooth F^-sheaf on U. Let Bi, . . . , be the irreducible components of dimension 
1 of the complement B = X \ U, let C,i be the generic point of Bi, and let Ki be the 
field of fractions of the completion of Ox,^i- We assume the following condition. 

(NF) For each i, the finite Galois extension of Ki that trivializes JF has separable 
residue extension. 

By this assumption, the Swan conductor Swj(jF) G N of JF for the local field Ki is 
defined by the classical ramification theory, as in the proof of Lemma (4. 3. (j[ In a 
smooth dense open subscheme 5° C Bi for each i and an integer Sw^.(jF) g Z for each 
closed point x G S = 5 \ IJilLi defined and the formula 

m 

(5.6) Xc{U, J^) = rank ■ Xc{U, Q,) - ^M^) " XciB°, Q,) + Swx.(-F) 
is proved. 

To compare the formula ()5.6|1 with ()0.3|1 . we give a slight reformulation. Let tt, : 
Bi Bi he the normalization for each irreducible component of dimension 1. For each 
closed point a; G S, we put 

m 

S^{J^) = -Sw4.F) + 5^Sw,(.F) ■ \n^\x)\. 

1=1 

Then, the formula ()5.6|) is equivalent to 

^Swi(.F)x(5i,Q,) + 5^5,(.F) 

1=1 xGS 
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We compute the Swan class Sw(jF) assuming the condition (NF) and give a relation 
with S'^.(jF). By Lemma 13.1.21 there exist a finite etale Galois covering V ^ U that 
trivializes JF and a Cartesian diagram 

V Y 
U X 

such that Y is smooth, Y ^ X is proper, V G Y is the complement of a divisor 
with simple normal crossings and that the action of G = Gal{V/U) is extended to an 
admissible action on Y. We may further assume that there exist a proper scheme X' 
containing U as the complement of a Cartier divisor and that f : V ^ U is extended 
to a morphism Y —>■ X' . Furthermore, by the assumption (NF), we may assume the 
following condition (NF') is satisfied where {qn, . . . yfjik,} denotes the inverse image of 
in Y for i = 1, . . . ,m. 

(NF') For each i,j, the extension n{f]ij) is separable over /t(^i). 

Let o" 7^ 1 be an element of the Galois group G = Gal{V/U). For a generic 
point rjij as above, we put mij{a) = length Oy^-^^^-qij- We define a divisor of Y 
by = J2i where Dij is the closure of {rjij}. The Cartier divisor D^^ is 

a closed subscheme of Fj^g. We define the residual subscheme C Y^^^ to be the 
closed subscheme of Y satisfying = Id^Ir^ where Iz denotes the ideal sheaf of Oy 
defining a closed subscheme Z G Y. Then, by the residual intersection formula [T^ 
Theorem 9.2, we have 

(F^, Ay)J^ = - Sv/uicr) 

= {C(fi^/^(l0g D)y n (1 + D^)-' n DjdimO + 

= - 5Z"^*j (o-)(ci(fiy/F(log^)) + D^) n A, + 

where Mo- = {c{QY^p(\ogD) ® Oy{—D^))* fl s(-Ro-/y)}dimo is a 0-cycle class supported 
on the inverse image of finitely many closed points of B. 

To compute the first term in the right hand side, we define a complex JCij of On..- 
modules by 

(5.8) /C,, = K(fil^^/^) ^ fi^/^(logD)b^^, Oy(-Do)bJ. 

The sheaf flY^p{\ogD)\D-. is put on degree 0, the map (pij : Dij — > Bi is the natural 
one and the map a is defined by da ^ a{a) — a and dlogb i— <y{h)/h — 1. By the 
assumption (NF'), the cohomology sheaves TC^i^JCij) are except for g = 0, 1 and are 
supported on finitely many closed points for g = 0, 1. Thus we have 

(ci(fi^/^(logD)) + D^) n A, = ^:M^'b^/f) + [^*(^^.)] 
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where \H*{lCij)] = [7i°(/Cij)] — [7i^(/Cjj)]. Let Zq{B) denote the free abehan group 
generated by the classes of the closed points in B. We define a 0-cycle S^j G Zq{B) by 

id 

and put mi{(7) = J2j '■ '^{^i)]- Then, we obtain 

m 

/*sy/i/(cr) = ^mi{a)gi^{ci{n^^^p) (1 [B.i\) + Sa- 



i=l 



where gi : Bi ^ X is the natural map. We define a 0-cycle S'jr G Zq{B) (g) Q by 
1 f,,^ dim,, M-VM'^ 



J2 (din..,M--'^""""^7"^'-di.nM).5,. 



aGG(p)\{l} 

By Sw,(^) = E.gG(,)\{i} rni(a)(dimF, - dimF,(M-7M-)/(p - 1) - dimM) 
and Lemma f4. 1.21 1. we have 

1 dim I - 
Sw(^) = — (dimF.M'^ ^-^—J- dim^^M)-Usv/u{a) 

' ' <^eG(rt\{i} ^ 



m 



5^ Sw,(^)^?„(ci(r]i ) n [B,]) + 



Since Qf) = ~deg(ci(f2ij , ) fl [-Bj]), the formula (jO.Hj) together with the following 
proposition will imply the formula ()5.7p . 

Proposition 5.2.1 Under the notation above, we have an equality 
(5.9) S^ = J2SA^)[x] 

in Zo{B). 

In Theorem (6.7), the invariant Swx{J^) is shown to be equal to another invari- 
ant that is defined in [31^ using intersection classes without introducing log products. 
A similar computation gives a proof of Proposition 15.2. Il but we leave the detail to the 
reader. 
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